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Several  key  issues  regarding  the  numerical  treatments  of  convection  and  source 
terms  occurring  in  the  Navier-Stokes  equations,  within  the  framework  of  pressure-based 
sequential  solution  algorithms,  are  explored.  As  for  the  convection  terms,  two  approaches 
are  investigated.  The  first  involves  the  estimation  of  fluxes  at  the  control  volume  interfaces 
using  different  geometric  shape  functions,  whereas  the  second  approach  involves  the 
introduction  of  an  appropriate  amount  of  nonlinear  dissipation  into  the  central  difference 
scheme.  The  former  approach  is  employed  to  study  the  convection  schemes  such  as  the 
first-order  upwind,  the  central  difference,  the  second-order  upwind  and  the  Quadratic 
Upstream  Interpolation  for  Convective  Kinematics  (QUICK)  schemes;  conservative, 
consistent  and  stable  formulations  of  these  schemes  are  devised  in  a  unified  framework.  It 
is  demonstrated  that  conservative  formulations  of  the  higher-order  upwind  schemes  are 
necessary,  along  with  consistent  boundary  treatments,  in  order  to  achieve  accuracy  and  to 
employ  them  as  effective  substitutes  for  the  more  conventional  first-order  upwind  and 
central  difference  schemes.  The  second  approach  utilizes  the  formalism  of  the  Total 
Variation  Diminishing  (TVD)  schemes;  it  is  shown  that  with  an  appropriate  framework,  the 


VI 


TVD  schemes  (hitherto  implemented  only  in  simultaneous  solvers)  can  be  extended  to 
sequential  solvers  to  yield  high  resolution  of  sharp  gradients  in  the  flowfield. 
One-dimensional  test  cases  such  as  the  system  of  Euler  equations  for  flows  in  a  shock  tube 
and  the  so-called  resonant  pipe  as  well  as  the  linear  Burgers'  equation  with  and  without  a 
source  term  are  investigated.  A  controlled  variation  scheme  (CVS)  based  on  the  above 
notion  is  developed  for  a  multidimensional  pressure-based  sequential  algorithm  and  its 
efficacy  demonstrated  for  laminar  and  turbulent  recirculating  flows.  Recirculating  flows  in 
a  driven  cavity  and  past  a  backward-facing  step  are  used  as  two-dimensional  test  cases.  It 
is  demonstrated  how  the  CVS  operates  by  reducing  the  magnitude  of  effective  cell  Peclet 
numbers  compared  to  the  central  central  difference  scheme  in  regions  of  sharp  flow 
gradients. 

As  for  the  treatment  of  source  terms  in  Navier-Stokes  equations,  it  is  shown  that 
sequential  solvers  with  special  techniques  for  treating  source  terms,  such  as  MacCormack's 
predictor-corrector  and  Strang's  operator-splitting  methods,  can  yield  satisfactory 
performance  in  the  presence  of  stiff  source  terms;  this  is  demonstrated  by  investigating  a 
one-dimensional  longitudinal  combustion  instability  problem  which  possesses  strong  heat 
release  source  terms. 
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CHAPTER  1 
INTRODUCTION 


Over  the  past  few  decades,  computational  fluid  dynamics  (CFD)  has  developed  into 
an  effective  tool  for  application  to  a  wide  variety  of  fluid  dynamics  problems,  hitherto 
deemed  unfathomable  except  via  experimentation.  Though  the  field  of  CFD  is  still  evolving, 
big  strides  have  already  been  made  in  diverse  areas  ranging  from  accurate  and  robust 
numerical  approximations  to  the  Navier-Stokes  equations  and  efficient  solution  techniques 
to  the  ability  of  computing  flows  in  complex  geometries.  With  the  tremendous  progress 
made  in  both  software  and  hardware  aspects,  computer  technologies  are  now  becoming 
integrated  into  the  design  process  in  a  truly  useful  way.  Computational  fluid  dynamics  is 
increasingly  becoming  a  part  of  many  designers'  toolkits.  It  has  made  a  qualitative  impact  on 
both  cost  and  performance  in  the  design  of  many  aerospace  products,  most  notably  in  the 
airframe  industry,  but  also  progressively  in  the  propulsion  industry.  There  are  several 
advantages  to  an  accurate  and  efficient  numerical  simulation  of  a  complex  practical  fluid 
flow  problem  that  does  not  lend  itself  to  any  analytical  treatment.  For  example,  one  can  save 
time  and  the  expenditure  invested  in  experimentation,  either  by  totally  relying  on  a  CFD 
simulation  of  the  problem  under  study,  or  by  conducting  experiments  for  only  a  few  selected 
parameters  based  on  information  obtained  numerically.  It  is  much  easier  to  study  the  effects 
of  variation  of  flow  parameters  (such  as  Mach  number),  geometry  of  the  domain,  boundary 
conditions,  etc.,  on  the  fluid  flow  in  a  numerical  simulation  than  in  an  experiment  (where  it 
may  be  impractical  or  even  impossible  to  vary  certain  parameters  or  conditions). 

The  multitude  of  researchers  in  the  field  of  CFD  have  employed  a  wide  variety  of 
numerical  techniques  which  can  be  broadly  categorized  as  finite  difference,  finite  volume, 


finite  element,  boundary  element  and  spectral  methods-  -each  possessing  its  own  relative 
merits  over  the  others.  In  the  present  work,  we  adopt  the  finite  volume  method  for  solving  the 
full  Navier-Stokes  equations.  In  this  category,  two  major  computational  approaches  have 
found  wide  use  in  the  CFD  community,  namely,  pressure-based  methods  and  density-based 
methods.  For  these  methods,  the  velocity  field  is  normally  specified  using  the  momentum 
equations.  The  density-based  methods  use  the  continuity  equation  to  specify  the  density  and 
extract  pressure  information  using  the  equation  of  state.  The  system  of  equations  is  usually 
solved  in  a  simuUaneous  manner.  These  methods  can  be  extended  with  some  modification  to 
low  Mach  number  regimes  where  the  flows  are  incompressible  and  hence  density  has  no  role 
to  play  in  determining  the  pressure  field  (Merkle  &  Choi  1987,  Hirsch  1990,  Withington  et 
al.  1991).  The  pressure-based  methods  obtain  the  pressure  field  via  a  pressure  or  a  pressure 
correction  equation  which  is  formulated  by  manipulating  the  continuity  and  momentum 
equations  (Patankar  1980,  Issa  1986,  Shyy  1993).  The  solution  procedure  is  conventionally 
sequential  in  nature  and  hence  can  more  easily  accommodate  a  varying  number  of  governing 
equations  depending  on  the  physics  of  the  problem  involved,  without  the  necessity  of 
reformulating  the  entire  algorithm.  Pressure-based  methods  can  be  extended  to 
compressible  flows  by  taking  the  dependence  of  density  on  pressure  into  account,  via  the 
equation  of  state  (Rhie  1986,  Shyy  &  Braaten  1988,  Shyy  et  al.  1992b). 

While  the  density-based  methodology  has  been  widely  used  for  many  compressible 
aerodynamic  computations  (MacCormack  &  Baldwin  1975,  Jameson  et  al.  198 1,  Thomas  et 
al.  1985,  Kamath  1989,  Davis  1992),  the  pressure-based  methodology  has  been  a  popular 
one  for  gas-turbine  combustors  (Patankar  1980,  Shyy  etal.  1986,  Priddin  &  Coupland  1986, 
Sturgess  1986,  Shyy  etal.  1989).  The  pressure-based  methods  have  proven  to  be  quite  robust 
and  effective  in  handhng  complex  fluid  physics  including  turbulence-chemistry 
interactions;  however,  they  have  not  been  widely  applied  to  high  Mach  number  flows  until 
recently.  Works  by  Rhie  (1986),  Shyy  &  Braaten  (1988),  Chen  (1989),  and  Shyy  et  al. 
(1992b)  have,  however,  demonstrated  the  capability  of  the  pressure-based  approach  in 


handling  high  speed  flows  including  those  in  the  hypersonic  regime;  in  parallel,  effort  has 
also  been  devoted  towards  advancing  the  density-based  method  for  treating  the  wide 
variation  of  flow  speeds  as  well  as  strong  source  terms  created  by  the  interaction  between 
turbulence  and  combustion  (Shuen  et  al.  1992). 

For  any  computational  algorithm,  the  accuracy  of  the  numerical  prediction  and  the 
stability  of  the  computational  procedure  are  two  of  the  most  critical  issues.  These  issues  stem 
from  the  numerical  modelling  of  the  various  terms  in  the  governing  partial  differential 
equations,  such  as  the  unsteady,  the  diffusion,  the  convection  and  the  source  terms.  In  the 
present  thesis,  we  focus  our  attention  for  the  most  part  on  numerical  simulation  of  steady 
flows  and  hence  we  do  not  address  the  issue  of  the  interaction  of  the  unsteady  terms  with  the 
the  other  terms  (this  issue  is  by  no  means  trivial  and  deserves  attention  in  its  own  right).  In 
terms  of  computational  difficulty,  the  diffusion  terms  in  the  Navier-Stokes  equations  are 
quite  docile  due  to  their  linear  nature,  their  physically  diffusive  property  and  the  fact  that  the 
standard  second-order  central  difference  operator  for  the  second  derivative  is  numerically 
quite  stable.  On  the  other  hand,  from  the  point  of  view  of  the  accuracy  of  the  numerical 
prediction  of  a  Navier-Stokes  algorithm,  the  convection  terms  are  the  most  critical.  The 
second-order  central  difference  operator  for  the  first-derivative  convection  terms,  though 
quite  accurate  for  low  cell  Peclet  numbers,  gives  rise  to  wiggles  when  the  local  cell  Peclet 
number  is  greater  than  some  critical  value  (Gresho  &  Lee  1981,  Shyy  1985a);  for  the 
one-dimensional  linear  Burgers  equation,  the  critical  value  is  2.  To  overcome  this  problem, 
the  first-order  upwind  scheme  has  been  widely  used,  but  the  excessive  numerical  dissipation 
inherent  to  this  scheme  has  necessitated  the  search  for  more  accurate  schemes  (Leonard 
1979).  The  so-called  hybrid  scheme  uses  the  central  difference  operator  for  regions  in  the 
flowfield  with  cell  Peclet  numbers  less  than  2  and  the  first-order  upwind  operator  without 
physical  diffusion  otherwise.  But,  for  convection-dominated  flows,  this  again  leads  to  the 
use  of  the  first-order  upwind  scheme  for  a  majority  of  the  flowfield,  leading  to  an  excessive 
smearing  of  the  solution  profiles,  especially  the  sharp  gradients  in  the  flowfield.  To  achieve 


better  accuracy,  higher-order  upwind  schemes  such  as  the  second-order  upwind  scheme 
(Warming  &  Beam  1976,  Vanka  1987)  and  the  Quadratic  Upwind  Interpolation  for 
Convective  Kinematics  (QUICK)  scheme  (Leonard  1979,  1988)  have  been  proposed. 
However,  the  findings  for  these  schemes  listed  in  literature  are  quite  disparate  both  in  terms 
of  accuracy  and  stability.  Several  issues  such  as  the  effect  of  conservative  and  consistent 
formulations  of  these  schemes  on  the  accuracy  and  stability  of  the  overall  algorithm  are  not 
adequately  resolved.  From  the  point  of  view  of  controlling  spurious  oscillations  in  solution 
profiles  near  sharp  gradients  and  discontinuities  such  as  shocks  while  achieving  high 
accuracy  throughout  the  flowfield,  several  higher-order  accurate  shock  capturing  schemes, 
most  notably  the  Total  Variation  Diminishing  (TVD)  schemes  have  been  designed  (Harten 

1983,   1984,  Yee   1985).  These  schemes though  extensively  used  in  density-based 

simultaneous  solvers  to  simulate  shocks  with  high  resolution — have  not  yet  been  extended 
to  pressure-based  sequential  solvers  to  obtain  accurate  simulations  of  flows,  especially  for 
high  cell  Peclet  number  flows  and  flows  involving  sharp  solution  gradients. 

Another  issue  that  deals  with  the  accuracy  and  robustness  of  numerical  flow 
simulations  is  the  modelling  of  source  terms.  Fluid  flows  with  complex  physicochemical 
mechanisms  such  as  turbulence,  combustion  and  chemical  reactions  involve  source  terms 
which  can  be  stiff  enough  to  render  any  attempt  at  obtaining  a  numerical  solution  by 
conventional  algorithms  meaningless  due  either  to  a  generation  of  spurious  oscillations  in 
the  solution  or  to  numerical  instabihty  (LeVeque  &  Yee  1990).  Thus,  special  source  term 
treatments  such  as  the  MacCormack's  predictor-corrector  method  or  Strang's 
operator-spitting  method  (Strang  1968)  have  been  proposed  (Chang  1990,  LeVeque  &  Yee 
1990)  to  ensure  both  numerical  stability  and  the  physical  realizability  of  the  solution.  The 
issue  of  accurately  treating  stiff  source  terms  in  the  presence  of  complex  fluid  phenomena  is 
largely  unresolved  and  is  a  subject  of  much  ongoing  research. 

In  view  of  the  merits  of  pressure-based  sequential  algorithms,  most  notably  their 
ability  to  handle  flows  with  a  wide  range  of  Mach  numbers  and  the  relative  ease  of  extension 


to  a  varying  number  of  governing  equations,  the  well  known  SIMPLE  (Semi  Implicit  Method 
for  Pressure  Linked  Equations)  algorithm — popularized  by  Patankar  (1980),  Shyy  (1993), 
etc.-  -is  adopted  in  the  present  thesis.  Within  the  framework  of  this  algorithm,  an  attempt  is 
made  to  develop  robust  numerical  schemes  with  an  intent  to  resolve  some  of  the  important 
issues  discussed  above  that  relate  to  accuracy  and  stability  of  numerical  predictions  of  fluid 
flows.  However,  all  the  issues  addressed  in  the  present  thesis  are  equally  applicable  to  any 
generic  pressure-based  sequential  algorithm.  The  focus  of  the  present  thesis  is  on  an 
investigation  and  development  of  some  approaches  for  modelling  convection  and  source 
terms  in  the  Navier-Stokes  equations  and  a  study  of  their  interaction  with  complex  fluid 
phenomena  such  as  recirculation  and  turbulence  accompanied  by  sharp  gradients  in  the 
flowfield. 

Specifically,  for  the  convection  terms,  two  approaches  are  explored  here.  One 
approach  is  based  on  a  geometric  interpretation  of  the  fluxes  at  control  volume  interfaces. 
For  example,  the  flux  at  a  control  volume  interface  for  the  first-order  upwind  scheme  is 
obtained  by  a  constant  (flat)  extrapolation  from  the  upwind  neighbor,  whereas  for  the 
second-order  upwind  scheme  it  is  obtained  by  a  linear  extrapolation  of  two  upwind 

neighbors.  In  Chapter  II  of  the  present  thesis,  higher-order  upwind  schemes the 

second-order  upwind  and  the  QUICK  schemes — are  formulated  in  a  unified  framework 
with  the  first-order  upwind  scheme  as  the  basis.  Their  performance  is  compared  with 
conventional  convection  schemes,  such  as  central  difference  and  first-order  upwind 
schemes,  within  the  framework  of  the  pressure-based  SIMPLE  algorithm.  The  issue  of 
conservative  formulation  of  a  convection  scheme  is  also  investigated  by  devising 
conservative  and  non-conservative  formulations  of  the  second-order  upwind  scheme. 
Another  important  issue  studied  in  this  context  is  the  consistency  of  boundary  treatments  for 
these  high-order  upwind  schemes  which  have  a  stencil  spanning  more  than  two  grid  points. 
In  Chapter  II  we  also  present  a  brief  overview  of  the  SIMPLE  algorithm  employed  in  the 
present  study. 


The  second  approach  for  modelling  convection  terms  in  the  present  work  involves 
the  introduction  of  an  appropriate  amount  of  nonlinear  numerical  dissipation  into  the  central 
difference  scheme;  this  approach  forms  the  basis  of  the  modern  shock  capturing  schemes. 
The  modern  high  resolution  shock  capturing  schemes,  notably  TVD  schemes,  have  so  far 
been  implemented  effectively  and  reliably  only  in  density-based  simultaneous  solvers  (Yee 
et  al.  1985,  Colella  1990).  In  Chapter  III  an  attempt  is  made  to  understand  the  issues 
concerning  the  application  and  implementation  of  these  high  resolution  shock  capturing 
schemes  in  the  context  of  the  pressure-based  sequential  algorithm  to  solve  Navier-Stokes 
equations,  thus  extending  the  capability  of  pressure-based  algorithms  to  resolve  sharp  flow 
gradients,  caused  by  high  Reynolds  number  or  Mach  number,  and/or  source  terms.  To  better 
understand  the  implementation  issues  for  these  schemes  applied  to  two-dimensional 
Navier-Stokes  equations  in  the  context  of  simultaneous  and  sequential  solvers,  the  system  of 
one-dimensional  inviscid  gas  dynamics  (Euler)  equations  is  chosen  for  study  in  this  chapter. 
The  unsteady  shock  tube  problem  with  and  without  the  interaction  of  the  various 
discontinuities  (shock  wave,  contact  discontinuity  and  expansion  fan)  with  the  boundaries  of 
the  shock  tube  and  the  resonant  pipe  problem  are  used  as  test  cases. 

Before  going  on  to  extend  the  framework  developed  in  Chapter  III  from 
one-dimensional  Euler  equations  to  multi-dimensional  Navier-Stokes  equations,  the  issue 
of  treatment  of  source  terms  is  addressed  next,  in  Chapter  IV.  The  one-dimensional 
sequential  solver  developed  in  Chapter  III  is  utilized  for  this  purpose  along  with  special 
techniques  for  effectively  handling  source  terms.  Specifically,  MacCormack's 
predictor-corrector  method  and  Strang's  operator-spitting  method  are  investigated.  A 
one-dimensional  longitudinal  combustion  instability  problem  which  has  a  strong  heat 
release  source  term  is  chosen  for  study.  The  combustion  instability  phenomenon  is  important 
from  the  point  of  view  of  practical  applications  and  is  a  complex  physical  problem.  It  is  not 
the  intention  of  the  present  thesis  to  get  involved  with  the  complex  physics  associated  with 
combustion  instabilities.  Instead,  the  idea  here  is  to  utilize  the  strong  interaction  of  the  heat 


release  source  term  with  the  other  terms  in  the  governing  equations  to  illustrate  the  numerical 
difficulties  caused  by  stiff  source  terms  and  to  show  how  special  source  term  treatments  can 
resolve  these  difficulties,  yielding  a  satisfactory  numerical  solution.  Thus,  for  the  purpose  of 
the  present  thesis,  a  simplified  model  combustion  instability  problem  is  used  as  a  means  to 
demonstrate  the  efficacy  of  the  numerical  algorithm  developed  to  handle  source  terms. 

Next,  based  on  the  understanding — gained  from  Chapter  III — of  the  key  issues 
regarding  the  extension  of  TVD  schemes  to  sequential  solvers,  a  controlled  variation  scheme 
(CVS)  in  the  framework  of  the  multi-dimensional  pressure-based  sequential  solver  has  been 
developed  in  Chapter  V  for  obtaining  high  accuracy  in  complex  recirculating  flows  with 
sharp  flow  gradients.  Among  the  test  cases  investigated  is  the  one-dimensional  linear 
convection-diffusion  equation  with  and  without  a  source  term  and  two-dimensional 
incompressible  flows  in  a  lid-driven  cavity  and  over  a  backward-facing  step.  The 
interaction  of  the  nonlinear  dissipation  employed  by  the  CVS  with  the  sharp  gradients  in  the 
flowfield  is  investigated  by  examining  the  effective  cell  Peclet  numbers. 

At  this  point,  a  justification  for  investigating  simple  model  problems  in  detail  is  in 
order.  For  the  Navier-Stokes  equations  containing  the  nonlinear  convection  terms  and  stiff 
source  terms  (for  some  applications)  the  analysis  of  complex  multi-dimensional  fluid  flow 
problems  using  advanced  numerical  schemes  is  very  difficult.  The  understanding  of  the 
mechanism  by  which  the  numerical  scheme  operates  is  lost  while  studying  complex 
multi-dimensional  flows.  The  only  way  to  understand  the  operation  of  a  numerical  scheme 
and  to  analyze  the  interactions  among  the  various  physical  and  numerical  mechanisms  that 
lead  to  the  final  flowfield  is  to  apply  the  numerical  scheme  to  a  simplified  model  problem. 
This  serves  to  delineate  the  various  elements  of  a  numerical  scheme  and,  in  the  author's 
opinion,  is  absolutely  critical  in  attaining  a  better  insight  into  the  overall  algorithm.  In  the 
present  thesis,  the  emphasis  is  on  understanding  the  key  issues  associated  with  the  various 
numerical  schemes  via  relatively  simple  test  cases  which  is  expected  to  lay  a  firm  foundation 
for  future  work  involving  practical  flow  problems  exhibiting  complex  physics. 


Having  addressed  some  key  issues  in  the  numerical  approximations  of  convection 
and  source  terms  for  laminar  flows,  the  performance  of  the  CVS  for  two-dimensional 
incompressible  turbulent  flows  is  assessed  in  Chapter  VI.  The  true  utility  of  the  the  CVS  is 
not  for  laminar  recirculating  flows  in  general  for  which  the  central  difference  scheme 
performs  quite  satisfactorily  (at  least  for  the  cases  presented  in  the  present  thesis).  It  is  for 
problems  such  as  turbulent,  recirculating  flows  which  use  closure  models  and  possess  strong 
source  terms,  that  the  central  difference  scheme  often  breaks  down.  For  such  flows,  the  CVS 
becomes  truly  useful  and  this  is  demonstrated  in  Chapter  VI.  The  well  known  k-e  model  is 
used  to  compute  turbulent  viscosity  in  the  flowfield.  The  interaction  of  the  CVS  with  the 
turbulence  model  is  investigated. 

Finally,  some  general  conclusions  based  on  all  the  issues  investigated  in  the  present 
study  are  presented  in  Chapter  VII  along  with  some  recommendations  for  future 
investigation. 


CHAPTER  II 
UNIFIED  FORMULATION  OF  SOME  CONVENTIONAL  SCHEMES 


2.L  Background 

This  chapter  deals  with  the  formulation  and  performance  of  four  convection 
schemes,  namely,  first-order  upwind,  central  difference,  and  second-order  upwind  schemes 
and  a  scheme  based  on  quadratic  upwind  interpolation,  called  the  Quadratic  Upstream 
Interpolation  for  Convective  Kinematics  (QUICK)  scheme  (Leonard  1979).  The 
second-order  central  difference  operator  for  the  first  derivative  convection  terms,  though 
quite  accurate  for  low  cell  Peclet  numbers,  gives  rise  to  wiggles  when  the  local  cell  Peclet 
number  is  greater  than  some  critical  value  (Gresho  &  Lee  1981,  Shyy  1985a);  for  the 
one-dimensional  linear  Burgers  equation,  the  critical  value  is  2.  To  overcome  this  problem, 
the  first-order  upwind  scheme  has  been  widely  used  but  the  excessive  numerical  dissipation 
inherent  to  this  scheme  has  necessitated  the  search  for  more  accurate  schemes.  The  so-called 
hybrid  scheme  uses  the  central  difference  operator  for  regions  in  the  flowfield  with  cell 
Peclet  numbers  less  than  2  and  the  first-order  upwind  operator  otherwise.  But,  for 
convection-dominated  flows,  this  again  leads  to  the  use  of  the  first-order  upwind  scheme 
for  a  majority  of  the  flowfield,  leading  to  excessive  smearing  of  the  solution  profiles, 
especially  the  sharp  gradients  in  the  flowfield. 

To  take  advantage  of  the  concept  of  upwinding,  while  achieving  higher  accuracy, 
higher-order  upwind  schemes,  such  as  the  second-order  upwind  scheme  (Warming  &  Beam 
1976,  Shyy  1985a,  Vanka  1987,  Jiang  et  al.  1990)  and  the  QUICK  scheme  (Leonard  1979, 
1988a,  1988b)  have  been  proposed.  The  second-order  upwind  scheme  has  received  mixed 
reviews  in  the  literature — some  researchers  have  criticized  its  accuracy  and  convergence 
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characteristics  (Vanka  1987)  while  others  have  found  it  satisfactory  (Jiang  etal.  1990).  Shyy 
(1985a)  demonstrated  that,  based  on  both  linear  analysis  and  model  problem  testing,  the 
second-order  upwind  scheme,  although  not  free  from  difficulties  and  inaccuracies,  is 
generally  more  satisfactory  than  several  other  alternatives  proposed  in  the  literature.  The 
same  observation  is  also  made  in  the  context  of  three-dimensional  turbulent  flow 
computations  (Vu  &  Shyy  1990).  Vanka  (1987),  on  the  other  hand,  found  that  the 
second-order  upwind  scheme  does  not  yield  satisfactory  performance,  both  in  terms  of 
numerical  accuracy  and  computational  stability,  for  solving  the  two-dimensional  driven 
cavity  flow  for  several  Reynolds  numbers  and  finite  difference  grids.  It  is  shown  here  that 
the  key  to  this  discrepancy  lies  in  the  fact  that  within  a  control  volume  formulation,  a 
conservative  and  consistent  formulation  of  second-order  upwinding  at  the  control  volume 
interfaces  is  required  to  produce  an  accurate  and  well  behaved  scheme.  The  QUICK  scheme 
too  has  received  mixed  reviews  (Leonard  1979,  1988a,  1988b,  Huang  et  al.  1985,  Hayase 
et  al.  1 992) ,  but  more  in  terms  of  convergence  rates.  It  seems  that  the  differences  in  the  actual 
implementation  of  the  same  basic  conservative  form  of  the  scheme  may  be  responsible  for 
these  inconsistent  findings. 

The  design  philosophy  adopted  for  the  convection  schemes  presented  in  this  chapter 
is  based  on  a  geometric  interpretation  of  the  fluxes  at  control  volume  interfaces.  Based  on  the 
geometric  shape  function  employed  to  interpolate  or  extrapolate  the  values  of  the  dependent 
variable  at  neighboring  grid  points  in  order  to  estimate  the  flux  at  a  control  volume  interface, 
four  schemes  are  derived  in  this  chapter,  namely,  the  first-order  upwind,  the  central 
difference,  the  second-order  upwind  and  the  QUICK  scheme.  Schemes  obtained  in  the 
manner  described  above  are  strictly  conservative  and  consistent.  An  attempt  is  also  made  to 
compare  the  accuracy  of  conservative  and  non-conservative  implementations  of 
higher-order  upwind  schemes  by  devising  a  conservative  and  a  non-conservative 
formulation  of  the  second-order  upwind  scheme.  Both  formulations  have  the  same  order  of 
accuracy  according  to  the  formal  Taylor  series  analysis  but  substantial  differences  in  solution 
accuracy  exist  between  the  two.  An  interpretation  is  presented  from  the  viewpoint  of  finite 
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volume/finite  difference  procedures,  and  the  preferable  implementation  is  suggested.  As  for 
the  central  difference  scheme,  it  is  found  that  although  simple  model  problem  analysis  (Shyy 
1985a,  Fletcher  1988)  indicates  that  the  second-order  central  difference  scheme  is  prone  to 
oscillations  beyond  a  cell  Reynolds  number  of  2,  it  exhibits  very  robust  performance  for  the 
driven  cavity  flow  with  no  signs  of  numerical  oscillation.  Some  interesting  features  are 
observed  for  the  schemes  and  will  be  discussed  in  the  context  of  cell  Reynolds  number 
distribution. 

With  regard  to  stability  and  convergence  of  these  convection  schemes,  two  versions 
(both  conservative  and  consistent)  of  the  second-order  upwind  and  the  QUICK  schemes  are 
tested.  In  the  first  version,  the  first-order  upwind  scheme  is  used  as  the  "basis"  and  thus  the 
coefficient  matrix  obtained  for  the  second-order  upwind  and  QUICK  schemes  is  the  same  as 
that  for  the  first-order  upwind  scheme;  the  balance  of  the  terms  are  placed  in  the  source  term. 
The  coefficient  matrix  thus  maintains  diagonal  dominance.  In  the  second  version,  the 
coefficient  matrix  is  constructed  by  using  all  the  coefficients  of  the  four  immediate  neighbors 
(east,  west,  north  and  south),  without  regard  to  diagonal  dominance.  Both  versions, 
obviously,  yield  identical  results.  However,  it  is  observed  that  the  former  version  is  robust  in 
terms  of  stability  of  the  overall  computation  with  respect  to  the  number  of  grid  points  and  the 
relaxation  factors  employed. 

Another  issue  of  interest  in  the  present  chapter  is  the  boundary  treatment  associated 
with  the  various  convection  schemes.  Due  to  the  staggered  nature  of  the  grids  employed  for 
control  volumes  associated  with  u-  and  v-velocities  and  scalar  variables  such  as  pressure, 
different  boundary  treatments  are  required  for  control  volumes  adjacent  to  different 
boundaries  of  the  physical  domain.  Also,  different  types  of  boundary  variable  specifications, 
such  as  for  inflow  and  outflow  boundaries,  necessitate  different  formulations.  Moreover,  the 
issue  of  treating  the  fluxes  in  the  control  volumes  adjacent  to  the  physical  boundaries,  using 
staggered  grids,  in  a  conservative  and  consistent  manner,  has  not  been  adequately  addressed 
in  the  literature.  It  is  desirable  to  identify  the  consistency  of  the  various  boundary  treatment 
options  across  the  interfaces  of  boundary  control  volumes  as  well  as  the  local  order  of 
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accuracy  of  these  options,  and  to  correlate  them  to  the  overall  solution  accuracy.  This  chapter 
attempts  to  clarify  these  issues  by  analyzing  the  various  options  that  arise  from  the 
conflicting  requirements  of  maintaining  consistency  across  the  control  volume  interfaces 
and  local  accuracy.  A  detailed  presentation  is  made  of  the  formulations  resulting  from  the 
various  boundary  treatments,  in  order  to  clearly  delineate  the  variations  of  numerical 
implementation,  of  the  higher-order  upwind  schemes,  that  are  required  near  the  domain 
boundaries.  The  driven  cavity  flow  problem  is  used  as  the  test  case. 

2.2.  Formulation  of  the  Convection  Schemes 

Typical  control  volumes  employed  for  the  u-velocity  components  in  the  staggered 
grid  arrangement  are  shown  in  Fig.  2.1.  The  SIMPLE  algorithm  (Patankar  1980)  employed 
here  solves  the  governing  equations  in  a  sequential  manner.  The  velocity  components  are 
computed  from  the  respective  momentum  equations.  The  velocity  and  the  pressure  fields  are 
corrected  using  a  pressure  correction  equation  which  is  derived  by  manipulating  the 
continuity  and  momentum  equations.  The  correction  procedure  leads  to  a  continuity 
satisfying  velocity  field.  The  whole  process  is  repeated  until  the  desired  convergence  level 
is  reached. 

In  this  section,  we  briefly  outline  the  derivation  of  second-order  central  difference, 
first-  and  second-order  upwind  and  QUICK  schemes.  The  momentum  equations  for  steady, 
incompressible  fluid  flow  can  be  written  as  follows: 

where  0=  u  or  v,  and  the  continuity  equation  can  be  written  as 

j^(Qu)   +  -^(Qv)    =  0  (2.1b) 

Integrating  these  equations  over  the  control  volume  shown  in  Fig.  2.1,  we  get  for  the 
momentum  equation: 
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j=nj-l 


Top  Border  Control  Volumes 


i=l 


Bottom  Border  Control  Volumes  i=ni-l 


Fig.  2.1.  Internal  and  border  u-control  volumes. 


F4>e    -    F^^    +    Fn<Pn    "    ^^.     =    ^e(0£  "  <P p)    "    D^(<Pp  "  0iv)    + 

Dni(pN  -  <t>p)    -    Ds((pp  -4>s)    +    S 


(2.2a) 


where  S  denotes  source  terms  such  as  pressure  gradients.  The  continuity  equation  can  be 
written  as 


Fe  -  Fy,  +  Fn  -  F,   =  0 


(2.2b) 


where 
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Fe    =    {Qu)e  k  Fw    =    iQU)w  k 

Fn    =   {QV)n  h  F,    =   (Qv)s  h  ^^.Sa) 

^     _  ^«  ^  ^     _  /f£_^  (2.3b) 

where  dx^  ,dy,i,  etc.  are  the  distances  shown  in  Fig.  2.1.  F's  are  the  convection  fluxes  and 
D's  the  diffusion  fluxes  at  the  control  volume  interfaces  and  are  estimated  by  a  linear 
interpolation  between  the  two  neighbors  to  either  side  of  the  control  volume  interfaces.  For 
example,  the  convection  and  diffusion  fluxes  on  the  east  interface,  Fg,  are  respectively 
estimated  as 

1  1 

Fe   =  (Qu)e  k  =  ^[qp  +  Qe]  ■  2("p  +  "^l    ^  (2-"^^) 

and  D'=ji    =  ^ffp  +  ''.l  •  at    •  <2-'*'') 

The  variable  0  at  a  control  volume  interface  can  be  determined  using  an  interpolation 
involving  the  values  of  0  at  one  or  more  of  the  grid  point  neighbors  of  the  interface.  The 
choice  of  the  type  and  the  geometric  shape  of  the  interpolation  profile  dictates  the  type  and 
the  local  order  of  accuracy  of  the  convection  scheme.  Different  convection  schemes  use 
different  interpolations,  as  described  below. 

2.2. 1  First-Order  Upwind  Scheme 

For  the  first-order  upwind  scheme,  the  value  of  0  at  any  control  volume  interface 
is  estimated  using  the  value  at  the  upwind  neighbor.  Thus,  as  is  well  known,  the  value  0e  at 
the  east  face  is  assigned  the  value  0p  if  the  flux  Fg  is  positive,  and  the  value  0^  if  the  flux 
Fe  is  negative.  This  choice  of  extrapolation  scheme  amounts  to  apiecewise  constant  profile, 
with  no  variation  allowed  between  the  values  of  0  at  two  adjacent  nodes  along  the 
one-dimensional  convection  field,  as  illustrated  in  Fig.  2.2.  This  can  be  conveniently 
summarized  as 
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F^   >  0 


F,   >  0 


Fig.  2.2.  Schematic  of  the  extrapolation  for  the  first-order  upwind  scheme. 


F^e    =    ^plFe,0]]      -    <pEl-Fe,0]\  (2.5) 

where  the  symbol  [[p,  ^]]  represents  the  maximum  of  the  two  operands  p  and  q.  Using  the 
above  equation  (2.5),  Eq.  (2a)  can  be  written  in  the  form 

Ap(/)p   =  A^E  +  ^y/t>w  +  ^t/t>N  +  ^^s  +  ^  (2.6) 

and  for  the  first-order  upwind  scheme,  after  subtracting  the  continuity  equation  (2b) 
multiplied  by  (pp  from  the  momentum  equation  Eq.  (2.2a),  we  get 

Ae   =  De  +   l-F,  ,0]] 

A^  =  D^  +   IF^  ,0]] 

Af,   =  Dn  +   [I-F„  ,0]]  (2.7) 

As   =  D,  +   IF,  ,0]] 
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Ap    —  Ag  +  Ajy  +  A^  +  A^ 
and  b-0.  A  Taylor  series  expansion  about  the  point  P  gives 

^^^^    -   20^/   +  |[-  0p0p"   -  0/0/] 

■^(pptpp'"   +  -^(pp'(/)p' 


dx 


+  h' 


+ 


(2.8) 


showing  that  the  scheme  is  locally  first-order  accurate. 


2.2.2  Central  Difference  Scheme 


Here,  as  depicted  in  Fig.  2.3,  0  at  any  interface  is  estimated  by  a  linear  interpolation 
between  the  two  grid  point  neighbors  on  either  side  of  the  interface,  regardless  of  the 
direction  of  local  convection;  for  example 

F^e   =  Fe\[(t>p  +  <Pe)  (2.9) 

and  now  the  coefficients  in  Eq.  (2.6),  after  subtracting  the  continuity  equation  (2.2b) 
multiplied  by  (pp  from  Eq.  (2.2a),  become 


"■W    ~    '^w      '        ^ 


A        =    D      -    -^ 

As   -  Ds  +  ^ 

Ap    =  Ag  +  A^f  +  Ayy  +  A^ 


(2.10) 


and  b=0.  For  the  central  difference  scheme,  doing  a  Taylor  series  expansion  about  the  point 
P,  as  before,  gives 
dcpf^P 


dx 


2(pf/p'  P  +  h' 


Y^^i^p"  +  |0p'0p' 


+ 


(2.11) 


indicating  that  the  scheme  is  second-order  accurate  locally. 
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F^   >  0 


F,   >  0 


Fw   <  0 


F.   <  0 


Fig.  2.3.  Schematic  of  the  linear  interpolation  for  the  central  difference  scheme. 


2.2.3  Second-Order  Upwind  Scheme 

Possible  alternatives  of  the  second-order  upwind  scheme  that  can  be  cast  in  the  form 
of  Eq.  (2.6)  have  been  reported  in  the  literature,  e.g.,  Shyy  (1985),  Vanka  (1987),  Jiang  etal. 
(1990),  resulting  in  different  handling  of  the  fluxes  across  the  control  surface.  Moreover,  the 
value  of  a  dependent  variable  at  the  finite- volume  interfaces  can  be  determined  by  referring 
to  the  sign  of  the  flux  either  at  the  interface  or  at  the  node  where  the  unknown  (j)  is  located, 
depending  on  the  design  of  a  particular  scheme.  Two  alternative  schemes  have  been  chosen 
for  study  here;  they  are  labelled  as  Scheme  A  and  Scheme  B. 

2.2.3.1  Non-conservative  formulation:  Scheme  A 


In  terms  of  a  straightforward  finite  difference  approximation,  the  second-order 
upwind  scheme  can  be  written  as  the  following: 


d(u(p) 


dx 
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=  2^(3"p0p  -  4M,^jy  +  uy^r^^  +  Tu   ,  for   M  >  0  , 

(2.12) 

=  2^(-  i^ee<Pee  +  ^^i^E  -  ^^t4>p]  +  Tu   ,  for  M  <  0  . 


where  T^  is  the  truncation  error  of  the  discretization  scheme.  This  formula  is  not  consistent 

with  a  finite  volume  formulation. 

Scheme  A  is  devised  from  the  finite  difference  form  of  the  second-order  upwind 

scheme,  i.e.,  Eq.  (2.12),  by  rearranging  the  terms  and  using  the  appropriate  coefficients  and 

fluxes  at  the  cell  interfaces  to  suit  the  control  volume  formulation,  and  by  enforcing  diagonal 

dominance  in  the  assembly  of  coefficients.  Moreover,  it  tests  for  the  sign  of  the  fluxes  at  the 

point  P  to  determine  the  upwind  direction.  Due  to  these  reasons,  Scheme  A  is  a 

non-conservative  scheme.  If  u  at  point  P  is  positive,  the  convective  flux  at  the  west  face,  for 

example,  is  approximated  by 

d(u(j)) 

-^    =  Aj^p-A^^+b^  (2.13) 

with  the  following  coefficients: 


A       -    1-5    u 

Ap        =       Ayr 

w      '- 

0.5 

h 

2                    '^YWW 

(2.14) 


(Pw)   ■ 

For  the  u-momentum  equation,  i.e.,  0  =  w,  if  we  do  a  Taylor  series  expansion  of  ail  the  terms 
about  the  point  P,  then  the  truncation  error  of  Eq.  (2. 13)  is 

h\-^(Pf4>p     -    <P'i4p)    +    h\^^p(Pp'^    +    (P'p(Pp     +    1^;^    +    0(/z4)    (2.15) 

The  above  error  means  that  the  formula  expressed  as  Eq.  (2.13)  is  second-order  accurate 
with  respect  to  the  grid  spacing  h.  The  discretization  for  Scheme  A  is  in  the  form  of  Eq.  (2.6) 
where 

A^    =    Dn+h-  Fn,0]\ 
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is   =  D, +  ||IF„0]] 


Ag   =  De  +  ll-  F„0]]  (2.16) 

Ap   =  A^  +  A^  +  A^  +  As 


b   =  |H^A-A^+^^j[(g0)^^  _  (p^)^]  5^  +  (^^^^^yQ<P)s  -  (Q<P)ss]  Bs\ 


VKI 


with 


„     _  l-F„,0]]  _  IF„0]] 

^N-       (-F„)  ^^-        F, 

„  _  [r-i^..o]]  J,  _  [ifh.,0]] 


and  the  D's  and  F's  are  defined  in  Eq.  (2.3). 

Scheme  A  is  designed  from  the  finite  difference  approximation  with  the  goal  of 
maximizing  the  diagonal  dominance  of  the  coefficient  matrix.  Hence,  in  Eq.  (2.13),  Ap  is 
taken  to  be  the  same  as  Ay^,  while  all  the  remaining  terms  are  put  explicitly  in  the  source  term. 
The  flux  term  A^^  is  estimated  based  on  the  standard  averaging  procedure,  i.e.,  it  is  taken  as 
the  mean  of  uw  and  up  . 

2.2.3.2  Conservative  formulation:  Scheme  B 

Scheme  B  uses  a  linear  extrapolation  of  the  two  upwind  neighbors  to  determine  0  and 
is  derived  exactly  by  integrating  the  fluxes  over  the  control  volume.  Hence  it  is  completely 
conservative  and  consistent  with  the  control  volume  formulation.  The  upwind  directions  are 
determined  by  the  sign  of  the  fluxes  at  the  control  volume  interfaces. 


20 


Fv.    >  0 


F.    >  0 


Fig.  2.4.  Schematic  of  the  linear  extrapolation  for  the  second-order  upwind  scheme. 


In  this  case,  we  estimate  0  at  any  interface  by  a  linear  extrapolation  of  the  (p  values 
at  two  upwind  neighbors,  as  shown  in  Fig.  2.4.  Thus,  for  example,  depending  on  the  sign 
of  Fg  ,  we  estimate  0e  as 


2^^        2 
which  can  be  summarized  as  follows 


(t>e   =  |0/>  -  ^0iy      ,       if  Fg   >  0   , 
<Pe   =  Ue  -  Uee      '       if  F,   <  0  . 


(2.17a) 
(2.17b) 


^e   =   [l<Pp  -  ^<Pw)  lFe,0]]     -   (|0£  -  ^<I>ee)  l-Fe,0]]  (2.18) 
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Similar  expressions  can  be  written  for  the  other  interfaces.  Thus,  Scheme  B  is  based  on  a 
weighted  estimation  of  the  fluxes  as  indicated  by  Eq.  (2.17).  One  can  see  the  motivation  of 
scheme  B  more  clearly  by  noting  that  in  the  spirit  of  finite  volume  formulation,  d<p/dx  can 
be  expressed  in  a  generic  form  as 


d(p  <pe    -    (py 


(2.19) 


dx  h 

where  (pg  and  (p^  are  calculated  based  on  the  piecewise  linear  extrapolation  given  by 
equations  similar  to  Eq.  (2.17). 

Many  alternatives  can  be  devised  to  implement  the  second-order  upwind  scheme 
into  the  standard  notation  typified  by  Eqs.  (2.7)  and  (2.10).  Here,  we  investigate  two  versions 
of  the  second-order  upwind  scheme. 

Version  1  of  second-order  upwind  scheme  B 

In  the  first  version,  we  use  the  first-order  upwind  scheme  as  the  "basis"  and  assign 
the  difference  between  the  two  schemes  to  the  source  term  b,  which  are  treated  explicitly. 
This  arrangement  offers  a  simple  and  straightforward  way  to  implement  more  complicated 
schemes  in  general,  including  not  only  the  second-order  upwind  scheme  but  also  QUICK 
and  other  schemes.  A  merit  of  such  a  treatment  is  that  it  maintains  diagonal  dominance  in 
the  course  of  the  iterative  updating.  As  will  be  discussed  later,  especially  for  a  scheme  such 
as  QUICK,  the  type  of  formulation  of  the  scheme  is  very  critical  for  yielding  a  converged 
solution  for  a  large  size  of  grid  employed  for  numerical  computation.  For  this  version  of  the 
second-order  upwind  scheme,  we  have  the  following: 


J^  pt/tp 


Up  +  -[up  -  u^    [IFe,0]]     -     u^  +  :r[u^  -  u^ 


"-EEl 


\[-Fe,0]]{2.20) 


Similar  to  the  first-order  upwind  and  second-order  central  difference  schemes,  we 
subtract  the  continuity  equation  (2.2b)  multiplied  by  (pp  and  now  all  the  coefficients  are  the 
same  as  that  for  the  first-order  upwind  scheme,  i.e.,  those  given  by  Eq.  (2.7).  However,  we 
now  have  the  following  form  for  the  source  term  b: 
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b     =     -\[(pp-<Pw)lPe,Q'^      +    \((t>E-(t>EE]l-Pe,^]] 

+  ^(4>^  -  0H^^)IF^,O]]     -  ^[(t>p  -  (Pj,]l  -  Fv.,0]]  (2.21) 

Version  2  of  second-order  upwind  scheme  B 

If  we  assemble  the  fluxes  along  the  x-  and  y-directions  and  express  the  resulting 
equation  in  the  form  of  Eq.  (2.6),  without  using  the  continuity  equation  (2.2b)  to  manipulate 
the  momentum  equations,  as  we  did  in  the  case  of  first-order  and  central  difference  schemes, 
we  obtain  version  2  for  which  the  coefficients  are  as  follows: 

Aj,  =  De  +  \l-  Fe,  OI     +  ^I  -  F^,  0]] 
A^  =  D^  +  llF^,  0]]     +  ^IFe,  0]] 


3n        r-       mi       ,     i 

2' 


A^    =  Dn   +  f  [[  -  Fn,   0]]     +  ^I  -  Fs,   0]] 


As   -^  D,  +  llF,,  01     +  i[[F„,  0]] 

Ap   =  D,  +  D^  +  Dn  +  D,  +  |[[F„0]]     +  |[[-  Fh.,0]] 

+  |[[F„,0]]     +  |[[-F„0]] 

Version  2  of  the  second-order  upwind  scheme  does  not  maintain  diagonal  dominance,  i.e., 
the  coefficient  Ap  does  not  equal  the  sum  of  the  four  neighboring  coefficients. 

It  must  be  noted  that  versions  1  and  2  are  two  forms  of  the  same  basic  scheme, 
differing  only  in  the  diagonal  dominance  property.  Thus,  they  both  will  converge  to  the  same 
solution  for  any  fluid  flow  problem;  however,  the  convergence  and  numerical  stability 
properties  of  the  two  versions  are  expected  to  be  different-  version  1  is  expected  to  be  more 
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stable  and  exhibit  faster  convergence  due  to  the  diagonal  dominance  in  the  coefficient 
matrix. 

It  must  be  noted  that,  contrary  to  a  point  made  by  Hayase  et  al.  (1992),  any  form  of 
the  same  basic  scheme,  whether  it  is  second-order  upwind  or  QUICK  or  any  other,  will  be 
consistent  and  conservative  as  long  as  the  following  property  holds: 

{FeUe)i    =    (FwMw),+  l  (2.23) 

and  likewise  for  the  other  faces.  Here,  in  order  to  evaluate  the  flux  at  any  interface,  we  must 
use  an  expression  of  the  form  given  by  Eq.  (2.20),  which  includes  the  coefficients  Ap,  Ag, 
etc.  multiplied  with  the  respective  0's  and  the  source  term  b.  Thus,  any  form  of  the  scheme 
that  satisfies  the  above  requirement  should  converge  to  the  same  solution.  If  formulated 
appropriately,  it  is  only  the  convergence  and  numerical  stability  properties  of  the  different 
implementations  which  are  expected  to  be  different.  As  regards  the  formal  order  of  accuracy 
of  this  scheme,  a  Taylor  series  expansion  about  the  point  P  yields 

d(pp(pp 


dx 


24>i4>P    +  h' 


-^4>f4>p"  -\<Pp<Pp 


(j>p'(Pp"  +(t>r^r' 


(2.24) 


+   ... 


exhibiting  the  second-order  accuracy  of  this  scheme. 

Compared  to  the  first-order  upwind  scheme,  the  shape  function  utilized  for  the 
extrapolation  procedure  for  the  second-order  upwind  scheme  is  of  a  higher  order,  allowing 
some  variation  in  the  solution  profile  between  the  adjacent  nodes.  There  are  some 
implications  in  this  regard.  Firstly,  it  may  be  recalled  that  the  use  of  the  first-order  upwind 
scheme  is  basically  justified  by  the  observation  that,  for  the  high  Reynolds  number  case  of 
the  one-dimensional  linear  Burgers  equation,  the  solution  profile  is  indeed  piecewise 
constant  ("flat")  throughout  the  whole  domain  except  in  the  thin  layer  next  to  the  boundary. 
With  the  use  of  a  linear  extrapolation,  instead  of  a  piecewise  constant  extrapolation,  the 
second-order  upwind  scheme  appears  capable  of  accommodating  the  flow  field  that 
contains  the  cell  Reynolds  numbers  of  wide  ranges.  In  this  aspect,  one  should  note  that  for 
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a  nominally  high  Reynolds  number  flow,  the  actual  dominance  of  the  convection  effect 
relative  to  the  viscous  effect  can  vary  considerably  from  one  region  to  the  other. 

Besides  Schemes  A  and  B  presented  here,  many  other  possibilities  exist  for 
implementing  the  second-order  upwind  schemes.  For  example,  in  the  expression  adopted  by 
Vanka  (1987),  the  upwind  direction  is  estimated  based  on  velocity  values  at  point  P.  That 
formula  is  a  straightforward  implementation  of  a  non-conservative  form,  similar  to  Scheme 
A  discussed  above.  We  have  chosen  to  study  Schemes  A  and  B  here  in  view  of  the  different 
characteristics  exhibited  by  their  solutions,  which  can  be  attributed  to  their 
non-conservative  and  conservative  formulations,  respectively. 

2.2.4  QUICK  Scheme 

The  QUICK  scheme  has  been  proposed  by  Leonard  (1979, 1988a).  It  uses  a  quadratic 
interpolation  between  two  upstream  neighbors  and  one  downstream  neighbor  in  order  to 
estimate  the  (p  value  at  any  control  volume  interface,  as  shown  in  Fig.  2.5. 

Depending  on  the  sign  of  the  flux  at  any  interface,  we  estimate  0  by  a  quadratic 
interpolation;  for  example,  at  the  east  face,  we  have 

"Pe   =  f  0£  +  |0P  -  ^(Pw      '      if  F,   >  0   ,  (2.25a) 

(pe   =  \(t>E  +  l<t>P  -  \<Pee      '       if  F,   <  0  .  (2.25b) 

which  can  be  summarized  as 


F^e    =   (|0£    +    \(pp    -    \<Pv)    IFeM] 


(2.26) 


Version  1  of  the  QUICK  scheme 

Similar  to  the  second-order  upwind  case,  if  we  interpret  the  net  convection  flux 
employed  by  the  QUICK  scheme  as  composed  of  first-order  upwind  fluxes  and  source 
terms,  we  can  write 
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Fw    >  0 


F.    >  0 


Fw    <  0 


F^    <  0 


Fig.  2.5.  Schematic  of  the  quadratic  interpolation  for  the  QUICK  scheme. 


F^e 


4>p  +   \~l^w  -  \(Pp  +  |0£ 


<t^E  +  \i<t>p  -  i<pE  -  i0 


4^£  -^YEE 


lFe,0]\ 
I-  Fe,0]\ 


(2.27) 


Using  expressions  for  all  the  fluxes,  similar  to  above,  and  subtracting  the  continuity  equation 
(2.2b)  multiplied  by  0p  from  the  resulting  momentum  equations,  we  get  the  same 
coefficients  as  for  the  first-order  upwind  scheme,  i.e,  those  given  by  Eq.  (2.7)  along  with  the 
following  form  for  b: 
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b     =     -[-l(l>p-\<Pw  +  l<pEyFe,0]]      +    (|0p-^0£-^0££)[[-F„O]] 

+   {-^<Pww  -  \4>w  +  |0p)[[^w,O]]    -   (|0^y  -  i0p  -  y^l  -  F„,Q]] 

(2.28) 

The  present  implementation,  described  by  Eq.  (2.28),  is  the  same  as  that  proposed  by  Hayase 
etal.  (1992). 

Version  2  of  the  QUICK  scheme 

Similar  to  the  second-order  upwind  case,  we  have  version  2  of  the  QUICK  scheme 
in  which  we  use  the  net  fluxes  of  the  form  given  by  Eq.  (2.26),  without  using  the  continuity 
equation  (2.2b).  In  this  version  of  the  QUICK  scheme,  we  place  only  the  second  neighbors 
of  the  grid  point  P  into  the  source  term  b  and  thus  do  not  enforce  diagonal  dominance  in  the 
coefficient  matrix.  For  this  version,  the  coefficients  are 

Ae   =  De  -  |[[F„  0]]     +  ll-Fe,  0]]    +  \l-F^,  0]] 
Ay^   =  D^  +  llFv.,  0]]     -  \l-F^,  0]]     +  i[[F„  0]] 

Aj,   =  Dn  -  |[[F„,  0]]     +  |[[  -  Fn,  0]]     +  |[I  -  F„  0]] 

Q  o  1  (2.29) 

As   =  D,  +  |[IF„  0]]    -  ^]L-Fs,  0]]     +  |[[F„,  0]] 

Ap   =De+D^  +Dn  +  D,  +|[[F„0]]    -|[I-F„0]]    -  ||[F,„0]] 
+  |[[-F,,0]]    +|[[F„,  0]]    -|[I-F„,  0]]    -|[[F„  0]]    +|[[-F„  0]] 
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As  for  the  local  order  of  accuracy  of  the  QUICK  scheme,  if  we  do  a  Taylor  series 
expansion  about  the  velocity  at  the  point  P,  we  get 


dx 


=    20p0p'     +    h' 

16 


TT0P0p"'   +  i0> 


12 


IV 


4>p'<Pp"'  +  (pp(pp 


+ 


(2.30a) 


which  indicates  that  the  scheme  is  second-order  accurate.  Since  we  employ  a  control  volume 
approach,  the  Taylor  series  expansion  about  the  control  volume  interfaces  gives 
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Ug  U^  /j3 
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16 


^gf^g  l^y^Vl\/\; 
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^h' 
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IV 


ii-\\)l4- 


IV 
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(2.30b) 


+ 


The  above  expression  indicates  that  if  the  fluxes  across  the  east  and  west  faces  of  the  control 
volume  are  expressed  strictly  based  on  the  central  difference  scheme,  i.e.,  the  first  term  on 
the  right  hand  side  of  Eq.  (2.30b),  then  the  QUICK  scheme  is  third-order  accurate.  However, 
this  interpretation  is  not  really  meaningful  since  the  order  of  accuracy  of  a  scheme  should 
be  judged  only  by  considering  the  original  differential  equation  itself.  Furthermore,  the 
central  difference  scheme  is  not  a  good  reference  here,  since  it  is  the  unsatisfactory 
performance  of  the  central  difference  scheme  in  some  cases  that  requires  the  development 
of  alternatives  such  as  the  QUICK  scheme. 

Compared  to  the  first-  and  second-order  upwind  schemes,  the  QUICK  scheme 
assumes  a  parabolic  shape  profile  for  conducting  the  interpolation  procedure.  From  this 
viewpoint,  it  seems  that  although  QUICK  is  still  a  second-order  scheme  in  terms  of  the 
formal  order  of  accuracy,  it  can  yield  a  higher  degree  of  actual  accuracy  for  many  practical 
computations.  However,  on  the  other  hand,  it  is  well  known  that  the  performance  of  a 
convection  scheme  is  not  correlated  with  either  the  degree  of  formal  order  of  accuracy  or  the 
complexity  of  the  scheme.  Is  has  been  shown  by  Shyy  (1985),  for  instance,  that  for  the  linear 
Burgers  equation,  the  critical  cell  Peclet  number  for  the  QUICK  scheme  is  8/3,  which  is  only 
slightly  higher  than  that  for  the  second-order  central  difference  scheme  (namely,  2).  Hence, 
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the  actual  performance  of  the  scheme  depends  on  the  balance  between  the  higher  order 
upwind  extrapolation  profile  and  the  weaker  ability  of  resisting  spurious  oscillations.  It  is 
not  appropriate  to  make  a  universal  assertion  regarding  the  relative  performance  among 
these  higher-order  upwind  schemes  since  their  performance  can  vary  for  different  physical 
problems. 

2.3.  Boundary  Treatments:  u-Control  Volumes 

The  boundary  treatment  entails  the  treatment  of  the  border  control  volumes  shown 
in  Fig.  2.1.  Different  cases  arise  for  different  convection  schemes  employed  for  the 
"internal"  control  volumes  (e.g.,  control  volume  for  point  P  in  Fig.  2.1)  which  are  defined 
as  the  control  volumes  not  adjacent  to  the  boundaries,  i.e.,  the  control  volumes  in  the  domain 
other  than  the  "border"  control  volumes  shown  in  Fig.  2. 1 .  For  the  left  and  right  border 
u-control  volumes  (and  the  top  and  bottom  v-control  volumes),  the  use  of  two-point 
schemes,  such  as  the  first-order  upwind  and  the  second-order  central  difference  schemes, 
involves  treatment  identical  to  any  internal  control  volume.  However,  the  schemes  with  a 
larger  stencil  such  as  the  second-order  upwind  and  the  QUICK  schemes  cannot  be  applied 
at  the  border  control  volume  interfaces  nearest  to  the  boundary,  if  the  direction  of  the 
convective  flux  is  inwards  from  the  boundary,  since  such  schemes  would  require  grid  points 
outside  the  physical  boundary  of  the  domain.  For  these  schemes,  one  has  to  use  a  two-point 
scheme  such  as  the  first-order  upwind  or  the  central  difference  scheme  for  the  interface 
nearest  to  the  boundary.  However,  for  the  other  ("interior")  interface  of  these  border  control 
volumes,  one  is  free  to  choose  between  a  two-point  scheme  or  the  larger-stencil  scheme 
being  used  for  the  internal  control  volumes.  It  is  these  options  that  we  wish  to  formulate  in 
this  section  and  evaluate  in  the  next. 

The  remaining  border  control  volumes,  namely,  the  top  and  bottom  u-control 
volumes  (and  the  left  and  right  v~control  volumes),  entail  a  new  aspect  in  that  one  of  the 
interfaces  lies  on  the  boundary.  For  these  interfaces,  no  extrapolation  or  interpolation  is 
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required  since  the  values  of  0  on  these  faces  are  specified  by  the  given  boundary  conditions. 
For  the  other  ("interior")  face,  once  again  we  are  free  to  choose  either  a  two-point  scheme 
or  the  larger-stencil  scheme  which  is  being  used  for  the  internal  control  volumes.  The  use 
of  the  larger-stencil  scheme  for  the  interior  face  of  these  border  control  volumes  introduces 
a  new  aspect,  namely,  the  distances  between  the  interior  face  and  the  two  upwind  neighbors 
are  no  longer  the  same  as  those  for  an  interface  belonging  to  an  internal  control  volume.  This 
leads  to  a  modification  of  the  coefficients,  as  will  be  discussed  in  detail  in  this  section. 

We  will  present  here  a  detailed  discussion  for  the  left  and  bottom  border  u-control 
volumes.  For  sake  of  brevity  and  to  minimize  confusion,  the  boundary  treatment  for  only 
Version  1  of  the  second-order  upwind  and  QUICK  schemes  will  be  presented  here.  The 
equations  corresponding  to  Version  2  and  those  for  the  right  and  top  border  u-control 
volumes,  as  well  as  those  for  all  of  the  border  v-control  volumes  can  be  derived  in  a  similar 
manner,  and  will  not  be  presented  here. 

r 

2.3.1  Left  Border  Control  Volumes  ! 

i 

The  situation  for  the  left  border  control  volumes  is  shown  in  Fig.  2.6.  For  this  control  I 

volume,  we  have  uw  =  u(boundary)  which  is  determined  from  the  type  of  boundary 
condition  specified: 

Dirichlet  B.C.       :      m,^   =   m^    =  given  (2.31a) 

Outflow   B.C.       :      Uy/  =  u^    =  Up      {zero   gradient)  (2.31b) 

2.3. 1 . 1  Two-point  schemes:  first-order  upwind  or  central  difference 

If  the  scheme  used  for  the  internal  control  volumes  is  either  first-order  upwind  or 
central  difference,  then  the  situation  for  the  left  border  control  volume,  shown  in  Fig.  2.6, 
is  no  different  than  any  internal  control  volume.  Thus,  the  coefficients  Ap,  Ay/,  Ag,  etc.  are 
defined  in  the  usual  manner  as  given  by  Eqs.  (2.7)  or  (2. 10).  Such  a  treatment  has  the  same 
local  order  of  accuracy  as  the  internal  scheme  and  the  flux  across  these  control  volume 
interfaces  are  consistent. 
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2.3. 1 .2    Second-order  upwind  scheme 

The  situation  is  different  when  the  second-order  upwind  scheme  is  used  for  the 
internal  control  volumes.  For  example,  the  point  P,  shown  in  Fig.  2.6,  has  only  one  neighbor 
(namely  W)  to  its  left  and  if  the  flux  F^  is  coming  in  from  the  boundary,  we  can  only  use  a 
scheme  that  involves  only  one  neighbor,  such  as  the  first-order  upwind  or  the  central 
difference  scheme,  to  estimate  the  value  of  ^h^.  If  the  flux  F^  is  coming  towards  the  west  face 
from  the  interior  of  the  domain,  we  can  use  the  second-order  upwind  scheme.  As  far  as  the 
east  face  of  the  control  volume  is  concerned,  we  are  free  to  estimate  0g  using  the  same 
scheme  as  that  for  the  west  face  or  the  second-order  upwind  scheme,  since  the  east  face  has 
two  upwind  neighbors  in  either  direction.  These  two  options  are  discussed  next. 


Option  I:  cell-based. 

For  the  control  volume  shown  in  Fig.  2.6,  the  first  option  is  to  use  either  the 
first-order  upwind  or  the  central  difference  scheme  for  both  east  and  west  faces.  This  means 
that  for  the  control  volume  in  question,  the  convection  flux  treatment  will  be  either  first-  or 
second-order  accurate  locally,  depending  on  whether  we  use  the  first-order  upwind  or  the 
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second-order  central  difference  scheme.  However,  the  flux  at  the  east  face  of  the  control 
volume  (marked  'e'  in  Fig.  2.6)  will  not  be  consistent  in  the  sense  that  the  flux  calculated  at 
that  face  for  the  current  control  volume  will  not  equal  the  flux  calculated  at  the  same  face 
belonging  to  the  control  volume  immediately  to  the  right  of  the  current  control  volume  (i.e., 
the  control  volume  corresponding  to  the  point  E  in  Fig.  2.6,  for  which  we  use  second-order 
upwind  scheme  for  both  the  faces).  However,  since  the  numerical  procedure  is  cell-based, 
the  fluxes  estimated  from  two  different  cells  across  the  common  face  do  not  cause  explicit 
inconsistency  in  formulation.  For  the  second-order  upwind  scheme,  since  the  derivation  of 
the  coefficients  entails  the  same  steps  as  for  the  first-order  upwind  and  second-order  central 
difference,  the  coefficients  for  the  left-border  control  volumes,  using  option  I,  are  the  same 
as  those  given  by  Eqs.  (2.7)  and  (2.10)  for  first-order  upwind  and  second-order  central 
difference  schemes,  respectively. 

Option  II:  face-based. 

East  face.  To  eliminate  the  inconsistency  in  the  estimation  of  the  flux  at  the  east  face 
of  the  left  border  control  volume,  as  discussed  above,  we  can  use  second-order  upwind 
scheme  at  that  face,  since  two  neighbors  are  available  for  the  east  face  in  both  the  directions 
(namely,  P  and  W  to  its  left,  and  E  and  EE  to  its  right): 

FeU,   =   {^up  -  ^u^  [[F„0]]     -   (|m£  -  ^u^^  [I-F„0]]  (2.32) 

West  face  with  F^^,  <  0.  The  west  face  can  have  different  treatments  depending  on 
the  direction  of  the  flux  F^  .  If  the  flux  Fw  is  negative,  i.e.,  if  the  local  upwind  direction  is 
to  the  left,  we  can  use  second-order  upwinding  for  the  west  face  because  two  neighbors  (P 
and  E)  are  available.  In  such  a  situation,  we  obtain  a  second-order  accurate  scheme  for  the 
left  border  control  volume.  Thus,  if  F^  <  0,  we  use  second-order  upwinding,  i.e., 

FvwMh;   =  fJ-Up  -  -UjA  (2.33a) 

To  take  into  account  that  above  holds  only  for  F„  <  0,  we  can  write 


32 


FwU^   =    ~  (1"^  ~  ^%)[I-^w,0]]  (2.33b) 

Thus,  when  Fy^  <  0,  we  maintain  second-order  local  accuracy  as  well  as  consistency  across 
the  control  volume  interfaces. 

West  face  with  F^,  >  0  If  the  local  upwind  direction  is  to  the  right,  i.e.,  the  flux  F^ 
is  coming  in  from  the  boundary,  then  we  have  to  use  the  first-order  upwind  or  the 
second-order  central  difference  estimation  for  u^.  Such  a  situation  in  which  we  use 
second-order  upwinding  on  the  east  face  and  first-order  upwinding  or  second-order  central 
differencing  on  the  west  face  of  the  control  volume  gives  rise  to  a  deterioration  in  the  formal 
order  of  local  accuracy  of  the  flux  estimation,  as  can  be  seen  from  a  Taylor  series  expansion, 
to  be  presented  later.  If  F^,  >  0,  then  we  use  either  first-order  upwind  or  central  difference 
scheme  to  estimate  u^: 

First  —  Order  Upwind      :      F^u^   =  F^Uj^  (2.34a) 

Central  Difference       :      F^,u„   =  F^  7y[i^p  +   w^)  (2.34b) 

which,  taking  into  account  that  it  holds  only  for  F^  >  0,  can  be  written  as 

First—  Order  Upwind      :      u^,   =  Uf,  \[Fw,0]]  (2.35a) 

Central  Difference       :      F^u^   =  -^[i^p  +  M^jI'i'^w.O]]  (2.35b) 

If  we  use  first-order  upwinding  for  the  west  face  when  Fu,  >  0.  namely  Eq.  (2.35a), 
then  the  flux  at  the  east  face  is  again  given  by  Eq.  (2.32)  and  that  at  the  west  face  is  given 
by 

FwUw   =  Uy^lFw,0]\    -  i-^i^p  -  2^e]  ^~  Fw,0]]  (2.36) 

Now,  following  a  similar  procedure  as  for  the  internal  control  volumes,  we  obtain  the  same 
coefficients  as  for  the  first-order  upwind  scheme,  i.e.,  those  given  by  Eq.  (2.7),  with  the 
following  form  for  the  source  term  b: 
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b   =    -  ^(up  -  Mv^)[[F„0]]    +  ^{uj,  -  M^^jl  -  F„0]] 

+  \[up-  %)[[-Fh.,0]] 
For  this  case,  i.e,  Option  II  with  first-order  upwinding  at  the  east  face  if  the  flux  is  coming 
in  from  the  boundary,  if  we  assume  that  Fy^>0  and  Fe>0  and  do  a  Taylor  series  expansion 
of  the  terms  about  the  point  P,  we  get 


^UpUp 


^  Up  lip 


+     ... 


(2.38) 


This  indicates  that  across  the  control  volume  in  question,  the  overall  scheme  is  not  even 
first-order  accurate  ! 

If  we  use  central  differencing  for  the  west  face  when  F,^,  >  0.  namely  Eg.  (2.35b),  then 
the  flux  at  the  east  face  is  again  given  by  Eq.  (2.32)  and  that  at  the  west  face  is  given  by 

F^Uy,   =  ^{up  +  u^)][F„,0]]    -  (lup-^M^j  1[-Fv„0]]  (2.39) 

If  we  use  central  differencing  on  the  west  face  if  Fy^  >  0,  then  we  have  the  following 
Ae   =  De  +   I-  Fe  ,0]] 


A^  =  D^  +  i[IFv.  ,0]] 

Ap    =  Ag  +  A^^ 


(2.40) 


and  the  form  of  b  is  the  same  as  that  in  Eq.  (2.37).  Note  that  Eq.  (2.37)  for  b  differs  from  Eq. 
(2.21)  for  internal  control  volumes  only  in  the  third  term  on  the  right  hand  side  which  is 
absent  in  Equation  (2.37)  for  the  left  border  control  volumes.  Doing  a  Taylor  series  analysis 
of  this  case,  similar  to  the  previous  case,  we  get 


djUpUp)     _  ,    _   /j  ,,     ,     ,2 

^  —     AU  phi  p  "^  H  pH  p  \      it 


_  .  UpUp  +     „  Up  Up 


+ 


(2.41) 


which  indicates  that  the  overall  scheme  is  one  order  less  accurate  in  the  left  border  control 
volumes  than  in  the  internal  control  volumes. 


34 


2.3. 1.3  The  QUICK  scheme 

The  situation  for  the  QUICK  scheme  is  similar  to  the  second-order  upwind  scheme 
and  we  can  use  the  same  two  options  described  above.  In  this  section  we  will  provide  the 
expressions  for  the  coefficients  resulting  from  these  options,  for  the  QUICK  scheme. 

Option  I 

For  the  QUICK  scheme,  the  coefficients  resulting  from  the  use  of  Option  I  are  exactly 
the  same  as  those  for  the  second-order  upwind  scheme,  namely  those  given  by  Eqs.  (2.7)  and 
(2.10),  depending  on  whether  we  use  first-order  upwinding  or  central  differencing  on  the 
west  face  when  F^,  >  0. 

Option  II 

Similar  to  the  second-order  upwind  case,  if  we  employ  a  first-order  upwind  scheme 
at  the  west  face  when  F^  >  0,  we  obtain  the  same  coefficients  as  for  the  first-order  upwind 
scheme,  i.e.,  those  given  by  Eq.  (2.7),  with  the  following  form  for  the  source  term  b: 


b   =    - 


+   [l<Pw  -  l<Pp  -  |0/?)ll  -  ^w,0]]  (2.42) 

If  we  use  central  differencing  on  the  west  face  when  F^  >  0,  we  obtain  the  same  coefficients 
as  for  the  second-order  upwind  scheme  given  by  Eq.  (2.40),  with  the  source  term  b  given 
by  Eq.  (2.42)  given  above. 

2.3.2  Bottom  Border  Control  Volumes 

The  situation  is  slightly  different  for  the  top  and  bottom  border  control  volumes 
shown  in  Fig.  2.1;  a  typical  control  volume  on  the  bottom  border  is  shown  in  Fig.  2.7.  The 
interface  nearest  to  the  boundary  of  the  domain  lies  on  the  boundary  itself.  Thus,  both 
components  of  velocity  at  this  interface  are  known  according  to  the  specified  boundary 
condition: 


35 


NN 


Fig.  2.7.  A  typical  bottom-border  u-control  volume. 


Dirichlet  B.C. 


Outflow   B.C. 


^s   ~  ^b    ~  given 

Vj^   =  0.5(Vj   +  Vj)    =  given 


^s   —  ^b   ~  ^P      {zero   gradient) 

Vu 


(2.43a) 


/^    =  0.5(v3   +   V4)       {zero   gradient)      ^  '       ^ 

Since  the  velocities  are  specified  at  the  south  interface  directly,  as  shown  in  Fig.  2.7,  no 
interpolation  or  extrapolation  is  required  to  estimate  them  at  this  interface.  The  discretized 
equation  (2.2a)  still  holds  but  we  need  to  substitute  the  coefficient  D^  with  Dg  *  ,which  is 
given  by 


^'         0.5  k 


(2.44) 


Note  the  additional  factor  0.5  in  Eq.  (2.44)  which  reflects  the  fact  that  the  south  neighbor  is 
only  a  half  control  volume  height  away  from  the  point  P  instead  of  the  usual  full  height,  i.e., 
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^^ys)  south  border  C.V.     ~    2^^^-'i'^'ernalC.V.  (2.45) 

This  amounts  to  using  a  first-order  one-sided  differencing  to  approximate  the  gradient, 
resulting  in  a  reduction  of  "local"  order  of  accuracy  by  one,  for  the  diffusion  term.  Also,  at 
the  south  face,  the  convective  flux  is  given  by 

P*s    =  QsVb  (2.46) 

2. 3 .2.1  Internal  scheme:  first-order  upwind 

Using  Eq.  (2.2a)  and  subtracting  the  continuity  equation  (2.2b)  multiplied  by  up,  for 
the  first-order  upwind  scheme,  we  get 

A^   =  Dn  +   [[-F„,0]] 

As   =  D:  +  F;  (2.47) 

Ap   =  ^iv  +  A^ 

2.3.2.2  Internal  scheme:  central  difference 

Using  Eq.  (2.2a)  and  subtracting  the  continuity  equation  (2.2b)  multiplied  by  up,  for 
the  central  difference  scheme  applied  to  a  bottom  border  control  volume,  we  get: 


Ayv 

= 

Dn 

— 

^  n 

2 

As 

= 

d: 

+ 

f: 

Ap 

= 

^N 

+ 

^s 

(2.48) 


2.3.2.3  Internal  scheme:  second-order  upwind  scheme 

We  have  two  options  to  treat  the  north  and  the  south  interfaces  of  the  bottom  border 
control  volumes,  similar  to  the  left  border  discussed  earlier. 

Option  I 

The  first  option  is  to  use  the  first-order  upwind  or  the  central  difference  scheme  for 
both  the  faces  of  the  control  volume,  for  which  we  get  the  same  coefficients  as  for  the 
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first-order  upwind  or  second-order  central  difference  schemes  given  by  Eqs.  (2.7)  and 
(2.10),  respectively. 

Option  II 

As  discussed  earlier,  for  Option  II,  we  use  second-order  upwinding  for  the  north  face 
which  gives 

F„M„     =    [2Up    ~    M5)[[F„,0]]     -   (1%-^Myv/v)    I  "  ^n,  0  ]]  (2.49) 

Note  that  the  first  term  on  the  right  hand  side  of  Eq.  (2.49)  uses  different  factors  than  the 
second  term  because  of  Eq.  (2.45).  For  the  south  face,  we  use  Eq.  (2.46),  irrespective  of  the 
sign  of  the  flux  Fy ,  since  the  south  face  lies  on  the  boundary  itself.  Thus,  at  the  bottom  border, 
for  the  second-order  upwind  scheme  with  Option  II,  we  have: 

Aj^   =  Dn  +   [[-F„,0]] 


As  =  d:  +  f; 


Ap   =  A^  +  As 


(2.50) 


b   =    -(i>p-(Ps)lFn,0]]    +  1(0^-0^^)0: -F„,0]] 
Note  the  missing  factor  of  1/2  in  front  of  the  first  term  in  the  expression  for  b  above  which 
is  due  to  Eq.  (2.45).  Also  note  the  absence  of  any  contribution  to  b  from  the  flux  on  the  south 
face,  since  the  south  face  lies  on  the  boundary. 

It  should  be  mentioned  here  that  a  treatment  similar  to  above  has  to  be  imparted  to 
the  south  face  of  control  volumes  for  u-velocity  associated  with  j=3  grid  line  if  Fs>0  and 
to  the  north  face  of  control  volumes  associated  with  j=nj-2  grid  line  if  F„  <0,  due  to  equations 
similar  to  Eq.  (2.45).  The  coefficients  for  these  control  volumes  thus  get  modified 
accordingly  but  we  will  not  present  them  here. 
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2.3 .2.4  Internal  scheme:  QUICK 


Option  I 


The  coefficients  are  the  same  as  that  for  the  second-order  upwind  case,  namely,  those 
given  by  Eqs.  (2.7)  and  (2.10). 

Option  II 

For  the  north  face,  the  situation  is  the  same  as  any  internal  control  volume  if  F„<0, 
but  if  Fn>0,  then  Eq.  (2.45)  leads  to  a  slightly  different  interpolation  formula  for  the 
evaluation  of  Un  ,which  now  becomes 

M,j     =    :r-MyY    —    ■;^Ug    +    Up         ,  if  F„     >     0    .  (2.51) 

The  coefficients  A^?,  As  and  Ap  are  the  same  as  for  the  second-order  upwind  case,  namely 
those  given  by  Eq.  (2.50),  with  the  following  source  term: 

b  =  -(-|05  +  ^0iv)D:^«'O]]  +  (|0p-|0^-|0A,A,)[r-F„,O]]  (2.52) 
Note  that  analogous  to  the  second-order  upwind  boundary  treatment  with  option  II,  the  first 
term  on  the  right  hand  side  of  the  expression  for  b  has  different  expressions  than  for  an 
internal  control  volume  due  to  Eq.  (2.45).  Also  note  the  absence  of  any  contribution  from 
the  flux  on  the  south  face  since  it  lies  on  the  boundary,  as  discussed  earlier.  Similar  to  the 
second-order  upwind  case,  a  treatment  similar  to  Eq.  (2.51)  has  to  be  imparted  to  the  south 
face  of  control  volumes  for  u-velocity  associated  with  j=3  grid  line  if  F^  >  0  and  to  the  north 
face  of  control  volumes  associated  with  j=nj-2  grid  line  if  F„  <  0,  due  to  equations  similar 
to  Eq.  (2.45).  The  coefficients  thus  get  modified  accordingly  but  we  will  not  present  them 
here. 

2.3.3  Summary  of  the  Boundary  Treatments 

We  present  here  the  essence  of  the  various  boundary  treatments  detailed  above.  The 
shear  stress  terms  generally  need  to  be  approximated  by  the  first-order  one-sided 
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differencing  instead  of  the  standard  second-order  central  difference  scheme.  As  to 
convection  terms,  the  treatment  of  the  border  control  volumes  for  two-point  schemes,  such 
as  the  first-order  upwind  and  the  second-order  central  difference  schemes,  is  no  different 
from  the  internal  control  volumes,  except  for  the  interfaces  lying  on  the  boundary  for  which 
no  interpolation  or  extrapolation  is  required  (we  use  the  values  specified  by  the  boundary 
condition  there).  For  schemes  with  a  larger  stencil,  such  as  the  second-order  upwind  and 
QUICK  schemes,  the  coefficients  for  the  border  control  volumes  can  be  formulated  using 
two  options.  The  first  option,  labelled  Option  I,  involves  an  application  of  a  two-point 
scheme  across  both  the  interfaces  and  is  thus  consistent  within  these  control  volumes  in  the 
sense  that  "local"  order  of  accuracy  is  the  same  as  that  of  the  two-point  scheme  employed. 
However,  using  Option  I  does  not  maintain  the  consistency  of  the  flux  across  the  interior  face 
of  the  border  control  volumes,  between  the  border  control  volumes  and  their  immediate 
neighbors  on  the  downwind  side.  The  second  option,  labelled  Option  11,  remedies  this 
situation  by  using  the  same  scheme  as  for  the  internal  control  volumes  (namely, 
second-order  upwind  or  QUICK)  for  the  interior  face  of  the  border  control  volumes.  But, 
now  the  "local"  order  of  accuracy,  as  far  as  the  border  control  volumes  are  concerned, 
deteriorates.  However,  in  general,  the  "global"  order  of  accuracy  of  the  solution  does  not 
deteriorate  by  this  reduction  of  "local"  accuracy.  In  the  next  section,  we  discuss  the 
performance  of  the  various  convection  schemes  and  the  effect  of  the  different  boundary 
treatments  on  overall  solution  accuracy. 

2.4  Results  of  the  Test  Case 

The  standard  lid-driven  cavity  flow  problem  is  chosen  as  a  test  case,  in  order  to 
evaluate  the  performance  of  the  various  convection  schemes,  along  with  the  different 
boundary  treatments  discussed  above.  The  problem  consists  of  a  square  cavity  bounded  by 
solid  stationary  walls  on  all  sides,  except  the  top  wall  which  is  replaced  by  a  lid  moving  at 
a  constant  velocity,  thus  inducing  a  recirculating  flow  in  the  cavity.  The  flow  field  contains 
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a  primary  recirculation  region  whose  extent  of  penetration  into  the  cavity  is  dictated  by  the 
Reynolds  number  of  the  flow  which  is  based  on  the  length  and  the  velocity  of  the  moving 
lid.  Secondary  recirculation  regions  also  exist  near  the  corners  of  the  cavity.  This  problem 
has  been  extensively  used  to  assess  various  codes  and  schemes  by  several  researchers,  and 
serves  as  a  useful  test  bed  owing  to  substantial  skewness  of  the  streamlines  of  the  flow 
relative  to  the  grid  employed  for  numerical  simulation. 

2.4. 1  Overall  Accuracy 

In  this  section,  we  present  the  results  in  two  parts.  In  the  first  part,  we  assess  the 
relative  merits  of  non-conservative  (Scheme  A)  and  conservative  (Scheme  B) 
implementations  of  the  second-order  upwind  scheme.  A  direct  comparison  with  the  central 
difference  scheme  is  also  presented  by  performing  computations  of  the  driven  cavity  flow  on 
four  successively  refined  grids  for  four  Reynolds  numbers.  In  the  second  part  of  this  section, 

we  evaluate  the  four  convection  schemes  formulated  earlier the  first-order  upwind, 

central  difference,  second-order  upwind  and  the  QUICK  schemes — by  comparing  results 
obtained  on  a  21x21  grid  for  Reynolds  number  of  1000. 

2.4. 1 . 1  Assessment  of  central  difference  and  the  two  second-order  upwind  schemes 

Four  Reynolds  numbers  are  studied,  namely,  100, 400, 1000  and  3200.  Four  different 
uniform  meshes  are  used  for  the  numerical  calculation,  consisting  of  21x21, 41x41,  81x81 
and  161x161  uniformly  distributed  grid  points.  The  well-known  results  of  Ghiae^aZ.  (1982) 
have  been  used  as  a  benchmark  to  assess  the  relative  performance  of  these  schemes.  Ghia  et 
al.  have  employed  the  central  difference  scheme  in  the  streamfunction-vorticity  formulation 
on  a  129x129  grid  to  obtain  a  grid  independent  solution.  The  u^velocity  profiles  at  the 
centerline  of  the  cavity  (x=0.5)  obtained  by  using  different  schemes  have  been  compared.  In 
the  following,  results  obtained  by  using  the  second-order  central  difference  scheme  are 
presented  and  discussed  first.  The  solutions  obtained  by  using  the  two  second-order  upwind 
schemes  will  then  follow. 
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For  the  present  problem,  the  central  difference  operator  for  the  convection  term  is 
seen  to  yield  good  results.  Fig.  2.8  shows  that  there  is  a  monotonic  trend  of  improvement  in 
numerical  accuracy  yielded  by  the  second-order  central  difference  scheme.  The  degradation 
of  numerical  accuracy  of  solutions  with  the  same  number  of  grid  points  increases  as  the 
Reynolds  number  increases.  With  the  Reynolds  number,  defined  as 

Re    =    -^  (2.53) 

of  100,  a  21  X  21  grid  is  sufficient  for  obtaining  a  grid-independent  solution.  For  Re  of  400, 
however,  at  least  an  8 1  x  8 1  grid  is  needed.  For  Re  of  greater  than  1 000,  more  than  161x161 
nodes  are  required  before  the  solutions  can  be  deemed  as  very  accurate.  Overall,  it  is 
interesting  to  observe  that  for  the  driven  cavity  flow,  the  second-order  central  difference 
scheme  seems  to  be  very  robust;  it  not  only  can  yield  convergent  solutions  in  a  numerically 
stable  manner,  but  also  exhibits  no  numerical  oscillations,  as  demonstrated  in  Fig.  2.8.  More 
information  of  the  behavior  of  the  central  difference  scheme  can  be  revealed  from  the 
contour  plots  of  the  cell  Reynolds  numbers.  The  cell  Reynolds  number  represents  the  relative 
ratio  of  the  modelled  convection  and  diffusion  terms  and  is  given  by 

=    ^iLi  (2.54) 

It  should  be  pointed  out  here  that  we  have  chosen  to  define  the  cell  Reynolds  number  based 
on  the  local  velocity  variation  rather  than  the  local  velocity  itself.  This  definition,  as 
suggested  by  Cheng  and  Shubin  (1978),  is  more  representative  of  the  computational 
resolution  since  it  is  based  on  the  velocity  variation  across  a  finite  volume.  The 
appropriateness  of  this  definition  can  be  better  illustrated  for  the  linear  convection-diffusion 
equation  where  regardless  of  how  high  the  Reynolds  number  is,  no  difficulty  in  numerical 
computation  appears  unless  solution  gradients  are  large  enough.  Hence  a  cell  Reynolds 
number  based  on  the  absolute  velocity  (which  can  be  arbitrarily  adjusted  via  a  change  of 
coordinate)  is  not  always  indicative. 

As  already  mentioned,  it  is  well  known  that  for  the  steady-state,  linear  Burgers 
equation,  the  critical  cell  Reynolds  number  beyond  which  wiggles  are  seen  in  the  solution,  is 
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a)  Re  =  100 


b)  Re  =  400 


c)  Re  =  1000 


d)  Re =3200 


Fig.  2.9.  Cell  Reynolds  number  contours  using  the  central  difference  scheme  on  the  41x41  grid. 
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2.  Fig.  2.9  depicts  the  cell  Reynolds  number  contours  of  the  u-velocity  components  of  four 
flows  on  the  41x41  grid.  It  can  be  seen  from  Fig.  2.9  that  the  majority  of  the  flowfield  has 
modest  values  of  cell  Reynolds  number.  Thus  for  most  of  the  flow  domain  the  magnitudes  of 
the  convection  and  diffusion  terms  are  of  the  same  order.  However,  the  regions  of  large  cell 
Reynolds  number  do  exist  and  they  grow  in  sizes  as  Re  increases.  The  case  of  Re=3200,  Fig. 
2.9(d),  clearly  shows  that  the  regions  of  large  cell  Reynolds  numbers  coincide  with  the  top 
comers  as  well  as  the  boundary  surrounding  the  primary  eddy.  Figs.  2.8  and  2.9  illustrate  an 
interesting  point.  Based  on  the  aforementioned  linear  analysis,  it  is  generally  accepted  that 
there  exists  a  critical  limit  of  the  cell  Reynolds  number  when  using  the  second-order  scheme. 
It  has  been  suggested  by  Gresho  and  Lee  (1981)  that  this  characteristic  can  be  used  to  indicate 
the  regions  that  need  further  mesh  refinement,  i.e.,  when  there  are  wiggles  exhibited  by  the 
solutions  of  the  second-order  central  difference  scheme,  one  knows  there  is  a  need  to  refine 
the  grid  distribution.  However,  Figs.  2.8  and  2.9  demonstrate  that  the  notion  of  a  critical  cell 
Reynolds  number  for  the  central  difference  scheme  may  not  be  reliable;  they  clearly  show 
that  the  solutions  on  a  coarse  grid  can  be  wiggle  free  and  yet  far  from  accurate. 

Figs.  2.10  and  2.11  show  the  solutions  yielded  by  the  two  second-order  upwind 
schemes.  Both  quantitatively  and  qualitatively.  Scheme  A  does  not  behave  the  same  as 
Scheme  B.  For  Scheme  A,  it  seems  that  while  the  accuracy  of  the  solutions  generally 
improves  as  the  grid  is  refined,  within  the  range  of  the  finite  spatial  resolution  used  here, 
noticable  errors  exist  for  all  Reynolds  numbers.  This  phenomenon  is  similar  to  that  reported 
by  Vanka  (1987)  based  on  a  different  implementation.  Nevertheless,  in  this  study,  unlike  that 
in  Vanka  (1987),  no  numerical  stability  problems  have  been  encountered. 

The  solutions  of  Schemes  B,  shown  in  Fig.  2. 1 1 ,  are  much  more  satisfactory.  Not  only 
are  the  solutions  more  closely  agreeable  to  the  benchmark  results  but  also  appear  to  require 
fewer  number  of  grid  points  than  either  Scheme  A  or  the  second-order  central  difference 
scheme  to  yield  good  accuracy.  Scheme  B  conforms  to  the  idea  of  a  control  volume 
formulation.  For  41x41  nodes,  Scheme  B  can  yield  quite  satisfactory  solutions  for  the 
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u-velocity  profile  along  a  vertical  line  through  the  center  of  the  cavity,  for  all  Reynolds 
numbers  studied. 

It  should  be  noted  that  although  the  comparisons  presented  in  Figs.  2.8, 2.10  and  2. 1 1 
(along  X  =  0.5)  are  standard,  they  may  not  be  the  most  critical  ones  as  far  as  the  true  accuracy 
of  a  scheme  is  concerned.  This  is  due  to  the  fact  that,  as  demonstrated  in  Fig.  2.9,  the  central 
vertical  line  of  the  cavity  is  a  location  that  is  consistently  of  smaller  cell  Reynolds  numbers; 
hence  the  solutions  of  u-velocity  profile  along  this  line  may  be  more  accurate  than  at  other 
places.  Figure  2. 12  compares  the  u-velocity  profiles  along  the  horizontal  line  y=0.25,  drawn 
at  0.25  times  the  overall  cavity  height  from  the  bottom  wall  with  different  Reynolds  numbers 
and  schemes.  Although  the  relative  performance  of  the  schemes  with  respect  to  the  Reynolds 
number  and  the  grid  density  remains  the  same,  Fig.  2. 12  shows  that  the  numerical  accuracies 
of  the  predicted  u-velocity  profile  are  generally  worse  along  y=0.25  than  along  x=0.5.  Figs. 
2. 12(c)  and  (d)  show  that  Scheme  B  yields  more  satisfactory  results  than  the  other  schemes 
along  the  line  y=0.25  in  the  sense  that  the  velocity  profiles  seem  to  converge  to  the  same 
solution  as  the  grid  density  is  increased,  i.e.,  the  velocity  profiles  on  the  81x81  and  161x161 
grids  are  very  close  to  each  other,  whereas  no  such  observation  can  be  made  for  the  other 
schemes. 

As  already  mentioned,  Schemes  A  and  B  are  formally  of  second  order  accuracy.  The 
differences  of  their  numerical  accuracy  can  not  be  explained  in  terms  of  leading  terms  of  the 
local  truncation  error  analysis.  It  appears  that  the  degrees  of  agreement  of  these  schemes  to 
the  finite  volume  formulation  are  more  influential.  This  can  also  explain  why  the 
second-order  upwind  scheme  used  by  Vanka  ( 1 987)  is  not  very  satisfactory  either.  In  view  of 
the  very  confined  regions  of  high  cell  Reynolds  number,  it  is  possible  that  large  gradients 
(and  singularity)  caused  by  the  corners  (Ghia  et  al.  1982)  may  be  responsible  for 
unsatisfactory  performance  of  the  schemes  not  expressed  in  conservative  form.  The  other 
point  worth  noting  is  that  the  use  of  the  first-order  upwind  scheme  at  some  nodes  close  to  the 
boundary  is  not  all  that  critical  to  the  overall  numerical  accuracy;  this  fact  is  clearly 
demonstrated  by  the  cell  Reynolds  number  distribution  shown  in  Fig.  2.9.  Finally,  a 
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comment  regarding  the  issue  of  numerical  dissipation  is  in  order.  As  is  known,  numerical 
damping  is  often  responsible  for  stabilizing  the  computational  procedure  and  smearing  the 
solution  profile,  causing  reduced  accuracy.  Shyy  (1985a)  has  shown  that  the  second-order 
upwind  scheme  can  be  considered  as  a  combined  form  of  both  the  second  and  fourth  order 
central  difference  schemes  with  some  added  numerical  damping.  The  results  shown  here 
demonstrate  that  with  numerical  damping  (relative  to  the  central  difference  schemes),  the 
solution  obtained  by  a  second-order  scheme  can  still  be  better  than  that  obtained  by  the 
central  difference  scheme,  even  though  the  latter  can  yield  wiggle-free  solution. 

2.4. 1 .2    Comparison  of  various  schemes  on  the  21x21  grid 

The  streamline  contours  obtained  for  Reynolds  number  1 000  on  a  2 1  x2 1  grid,  using 
the  four  convection  schemes — first-order  upwind,  central  difference,  second-order  upwind 
and  QUICK — are  plotted  in  Fig.  2. 13.  In  Fig.  2. 14,  the  u-velocity  profiles  along  the  vertical 
centerline  of  the  cavity,  using  the  four  schemes  on  the  21x21  grid  are  plotted.  The  results 
shown  in  Figs.  2. 13  and  2. 14  have  been  obtained  using  Option  I  with  first-order  upwinding 
for  all  the  boundary  control  volumes,  in  order  to  have  a  common  basis  for  comparison  of  the 
four  schemes,  without  the  interference  of  varying  boundary  treatments  for  the  different 

HI 

schemes.  As  is  well  known,  the  first-order  upwind  scheme  has  an  excessive  amount  of 
numerical  diffusion  inherent  to  it,  which  is  evident  from  the  maximum  value  of  the 
streamfunctions  for  this  scheme  compared  to  the  other  three  schemes,  shown  in  Fig.  2.13, 
and  also  from  the  u-velocity  profiles  on  the  21x21  grid,  shown  in  Fig.  2.14.  The  central 
difference  yields  satisfactory  results  for  this  problem,  though  some  nonphysical  kinks  can 
be  observed  in  the  streamfunction  contours,  especially  near  the  top  right  comer  of  the  cavity. 
These  regions  in  the  flowfield  correspond  to  regions  of  cell  Reynolds  numbers  larger  than 
f  2,  as  has  been  shown  in  Fig.  2.9.  In  the  majority  of  the  flow  domain,  however,  the  cell  Peclet 

numbers  are  less  than  2,  thus  leading  to  the  satisfactory  performance  of  the  central  difference 
scheme.  We  will  not  evaluate  the  first-order  upwind  and  the  central  difference  schemes  any 
further,  since  much  has  already  been  said  about  them  in  the  literature.  Our  main  focus  here 
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is  on  the  two  higher-order  upwinding  schemes,  namely,  the  second-order  upwind  and 
QUICK  schemes. 

Owing  to  the  higher  formal  order  of  accuracy  of  the  second-order  upwind  and 
QUICK  schemes,  resulting  from  the  higher-order  upwind  extrapolation  and  interpolation, 
respectively,  employed  by  these  schemes,  one  expects  better  overall  performance  from  these 
schemes  compared  to  the  first-order  upwind  scheme,  in  terms  of  numerical  diffusion.  This 
is  indeed  the  case  in  the  present  problem,  as  can  be  seen  from  Fig.  2.13  by  the  relative 
magnitudes  of  the  streamfunction  values  as  well  as  the  u-velocity  profiles  along  the 
centerline  of  the  cavity,  plotted  in  Fig.  2. 14,  for  the  2 1x2 1  grid.  This  is  especially  true  for  the 
second-order  upwind  scheme  which  gives  the  least  diffusive  solution  profile  on  the  21x21 
grid.  As  seen  fromFig.  2. 13,  the  maximum  streamfunction  value  on  the  21x21  grid  obtained 
by  the  second-order  upwind  scheme  (0. 103)  is  higher  compared  to  the  other  schemes  (Ghia 
etal  (1982)  obtained  a  maximum  value  0.1175  on  a  129x129  grid).  Similarly,  the  u-velocity 
profile  obtained  by  the  second-order  upwind  scheme  on  the  21x21  grid,  as  seen  from  Fig. 
2.14,  is  in  closest  agreement  with  the  benchmark  results.  The  QUICK  scheme,  on  the  other 
hand,  yields  results  very  close  to  that  for  the  central  difference  scheme,  as  seen  from  the 
streamfunction  values  in  Fig.  2.13  and  the  u-velocity  profiles  in  Fig.  2.14,  for  the  2 1x2 1  grid, 
and  appears  to  be  not  as  accurate  as  the  second-order  upwind  scheme.  However,  the 
localized  nonphysical  kinks  observed  with  the  central  difference  scheme  are  not  observed 
with  both  of  these  higher-order  upwind  schemes,  even  though  the  critical  cell  Peclet  number 
for  the  model  linear  one-dimensional  Burgers  equation  using  the  QUICK  scheme  is  8/3,  as 
shown  by  Shyy  (1985),  which  is  only  sUghtly  larger  than  that  for  the  central  difference 
scheme.  (It  should  be  noted  that  the  exact  value  of  the  corresponding  critical  cell  Peclet 
number  for  the  system  of  Navier-Stokes  equations  is  not  known.)  Both  second-order 
upwind  and  QUICK  schemes  exhibit  quite  satisfactory  performance  and  yield  a  virtually 
grid  independent  solution  for  the  8 1x81  grid.  As  shown  in  Fig.  2.8,  a  161x161  grid  is  required 
to  obtain  a  solution  of  comparable  accuracy  with  the  central  difference  scheme.  In  this 
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(a)  First-order  upwind  scheme. 


5  10  15 

(b)  Central  difference  scheme 
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(c)  Second-order  upwind  scheme 
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(d)  QUICK  scheme 
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Fig.  2.13.  Streamfunction  contours  on  the  21x21  grid  for  various  convection  schemes. 
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respect  also,  the  second-order  upwind  and  QUICK  schemes  perform  better  than  the  central 
difference  scheme.  Moreover,  for  flows  with  high  Reynolds  number  and  high  cell  Peclet 
numbers  in  the  majority  of  the  flow  domain,  the  central  difference  scheme  is  known  to  either 
be  numerically  unstable  or  yield  substantial  wiggles  in  the  solution  profiles.  One  expects  the 
second-order  upwind  and  QUICK  schemes  to  perform  better  in  this  regard,  too,  for  more 
complex  flows. 

2.4.2  Stability  And  Convergence 


The  convergence  path  of  the  residuals  associated  with  the  u-momentum  equation  for 
the  entire  flow  field  using  the  21x21  grid,  for  all  four  schemes,  including  both  the  versions 
of  second-order  upwind  and  QUICK  schemes  are  plotted  in  Fig.  2.15.  The  second-order 
upwind  and  QUICK  schemes  take  a  larger  amount  of  CPU  time  compared  to  the  first-order 
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upwind  and  central  difference  schemes,  due  not  only  to  more  number  of  iterations  required 
by  these  schemes  to  achieve  the  same  level  of  convergence,  but  also  to  more  time  needed  to 
compute  the  more  complex  coefficients  associated  with  them.  However,  this  drawback  is 
more  than  offset  by  the  superior  performance  of  these  schemes,  even  on  a  coarse  grid  like 
the  21x21  grid  employed  here  for  the  cavity  flow. 

Versions  1  of  the  second-order  upwind  and  QUICK  schemes  are  designed  with  the 
objective  of  achieving  better  numerical  stability  and  faster  convergence  rate,  by  enforcing 
diagonal  dominance  in  the  coefficient  matrix.  This  is  indeed  achieved  for  the  second-order 
upwind  scheme  as  seen  from  Fig.  2. 15,  which  shows  that  version  1  of  this  scheme  converges 
faster  than  version  2.  However,  version  1  of  the  QUICK  scheme  converges  slower  than 
version  2.  The  same  trend  is  seen  for  the  41x41  grid.  This  would  seem  to  indicate  that  for 
the  QUICK  scheme,  version  2,  which  does  not  enforce  diagonal  dominance,  is  more 


-a 


o 


-1.5 

1 1 1 

1 

- 

-2 
2.5 

%v 

- 

-3 

-  \\%=:^^ 

- 

3.5 

\  \       " ''"--"^^^^-^ 

- 

-4 

■   \\    ""^^ 

::;^^ 

- 

4.5 

\  "'Nx 

-^7^^ 

Second   . 
'----.,.^      Upwind 
^---..^ersion  2 

-5 

5.5 

\     ^entralV  QUICK 
•\  Dlfferencfe^^e^sion  2 

\  First 
Upwind 

1 I    1 

qDick 

version  1 

> 

Setond 
Upwind 
Version  1 

200  400  600  800 

Number  of  iterations 


1000 


1200 


Fig.  2.15.  Convergence  history  of  u  residuals  on  the  21x21  grid  for  various  schemes. 


54 


desirable  from  the  point  of  view  of  convergence  rate.  However,  as  we  refine  the  grid  any 
further  (say,  to  51x51  grid  points),  version  2  of  the  QUICK  scheme  becomes  completely 
unstable  and  does  not  yield  convergence.  Moreover,  the  residuals  diverge  to  machine  limits 
very  quickly,  usually  in  two  iterations,  for  moderate  values  of  relaxation  factors  employed 
in  the  solution  procedure.  This  very  surprising  behavior  of  the  QUICK  scheme  for  grids  with 
more  than  41x41  nodes  for  the  cavity  flow  problem  has  also  been  observed  by  other  authors 
(Han  et  al.  1981,  Hayase  et  al.  1992).  However,  version  1  of  the  QUICK  scheme,  which 
maintains  diagonal  dominance  in  the  coefficient  matrix  for  the  whole  flow  domain,  is  quite 
stable  for  all  the  grids  employed  in  the  present  study  -  up  to  161x161  nodes  used  for  the 
present  problem.  This  shows  that  version  1  of  the  QUICK  scheme  is  more  robust  than  version 
2  and  hence  is  the  more  desirable  one.  At  this  point,  it  may  be  recalled  that  both  versions, 
if  they  converge,  must  do  so  to  the  same  solution  since  they  are  different  versions  of  the  same 
basic  formulation  of  the  QUICK  scheme. 

On  the  other  hand,  for  the  second-order  upwind  scheme,  both  the  versions  are  quite 
stable  for  all  the  cases  studied  in  the  present  work.  However,  from  the  above  mentioned 
experience  with  the  QUICK  scheme,  one  might  expect  version  1  of  the  second-order  upwind 
scheme  to  be  more  robust  and  stable  compared  to  version  2  for  more  complex  flows. 

2.4.3  Effect  of  Various  Boundary  Treatments 

Having  assessed  the  relative  robustness  of  the  two  versions  of  second-order  upwind 
and  QUICK  schemes,  we  now  turn  our  attention  to  the  relative  effects  of  the  various 
boundary  treatments  on  the  overall  performance  of  these  schemes.  Fig.  2.16  shows  the 
u-velocity  profiles  along  the  centerline  of  the  cavity  using  21x21,  41x41  and  81x81  grids 
and  second-order  upwind  scheme  along  with  Options  I  and  II.  It  is  observed  that  Option  I, 
which  employs  a  consistent  two-point  scheme  across  both  the  interfaces  of  the  border 
control  volumes,  is  more  robust  in  terms  of  performance  on  the  coarser  grids,  compared  to 
Option  II,  which  employs  different  schemes  on  the  two  interfaces.  For  example,  the 
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u-profiles  obtained  using  Option  II  on  the  2 1  x2 1  grid  (Figs.  2. 1 6  (c)  and  (d))  are  qualitatively 
very  different  from  the  benchmark  results  as  well  as  the  profiles  obtained  om  the  same  grids 
with  Option  I  (Figs.  2. 16  (a)  and  (b)).  In  fact,  on  these  grids,  Option  11  yields  a  nonphysical 
inflexion  in  the  u-profile  near  the  bottom  boundary,  exhibiting  a  negative  value  of  u,  for  the 
21x21  grid.  Thus,  the  deterioration  of  local  order  of  accuracy  in  the  border  control  volumes 
with  Option  II  seems  to  cause  a  substantial  deterioration  in  the  overall  accuracy  of  the 
solution.  The  above  observation  holds  for  both  first-order  upwinding  and  central 
differencing  with  Option  II,  as  seen  in  Figs.  2.16  (c)  and  (d).  However,  the  trends  of 
convergence  towards  a  grid  independent  solution  with  first-order  upwinding  and  central 
differencing  for  boundary  treatment,  for  both  Option  I  and  II,  are  different.  For  first-order 
upwinding  in  the  border  control  volumes ,  the  solutions  on  the  2 1  x2 1 , 4 1  x4 1  and  8 1  x8 1  grids 
converge  towards  the  benchmark  profile  from  inside  out,  as  seen  in  Figs.  2.16  (a)  and  (c). 
The  use  of  central  differencing,  on  the  other  hand,  yields  solutions  on  the  same  grids 
converging  to  the  benchmark  solution  from  outside  in,  as  seen  in  Figs.  2.16  (b)  and  (d). 

Contrary  to  the  performance  of  the  second-order  upwind  scheme,  the  QUICK 
scheme  appears  to  be  more  robust  with  respect  to  variation  of  the  boundary  treatment.  For 
both  Option  I  and  II,  with  both  first-order  upwinding  and  central  differencing  in  the  border 
control  volumes,  we  observe  very  similar  solution  profiles  an  the  21x21  and  41x41  grids, 
converging  to  the  grid  independent  solution  profiles  on  the  81x81  grid,  as  seen  from  Fig. 
2.17.  Moreover,  with  both  first-order  upwinding  and  central  differencing,  the  solution 
profiles  on  the  successively  refined  grids  converge  to  the  benchmark  solution  from  inside 
out. 


2.5  Concluding  Remarks 


From  the  results  obtained  in  this  study,  it  can  be  said  that  a  conservative  and 
consistent  formulation  of  a  convection  scheme  is  essential  for  achieving  accuracy;  this  has 
been  demonstrated  here  by  studying  non-conservative  (Scheme  A)  and  conservative 
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(Scheme  B)  implementations  of  the  second-order  upwind  scheme.  Even  though  the 
truncation  error  is  of  the  same  formal  order  for  Schemes  A  and  B,  as  seen  from  Taylor  series 
analysis,  Scheme  B  exhibits  better  performance.  Thus,  it  is  concluded  that,  in  order  to  obtain 
satisfactory  performance  out  of  a  scheme,  it  should  be  formulated  in  the  spirit  of  the  control 
volume  formulation  and  should  be  strictly  conservative.  With  regard  to  the  performance  of 
the  central  difference  scheme  for  the  driven  cavity  flow  problem,  no  wiggles  are  observed 
for  any  of  the  Reynolds  number  cases  studied,  even  though  the  cell  Reynolds  (or  Peclet) 
number  defined  in  a  conventional  manner  (based  on  the  velocity  at  the  grid  point)  is  more 
than  2  in  several  regions  of  the  flowfield.  This  shows  that  the  generally  accepted  concept  of 
a  critical  cell  Reynolds  number  beyond  which  the  central  difference  scheme  yields  wiggles 
(which  is  strictly  based  on  the  analysis  for  linear  Burgers  equation)  may  not  be  a  reliable 
indicator  of  the  performance  of  the  central  difference  scheme  for  general  multidimensional 
flowfields.  It  has  been  shown  here  that  a  modified  definition  of  cell  Reynolds  number  (based 
on  the  velocity  difference  across  the  control  volume)  may  be  a  better  indicator  of  the  relative 
strength  of  local  convection  and  physical  diffusion. 

As  for  the  comparison  of  the  various  convection  schemes,  the  higher-order  upwind 
schemes,  namely,  the  second-order  upwind  and  QUICK  schemes  perform  better  than  the 
first-order  upwind  and  central  difference  schemes.  The  increased  computing  time  required 
by  these  schemes  to  achieve  the  same  level  of  convergence  is  more  than  offset  by  the  higher 
accuracy  offered  by  these  schemes.  These  schemes  can  converge  to  a  grid  independent 
solution  for  substantially  fewer  grid  points  compared  to  the  first-order  upwind  and  central 
difference  schemes.  As  for  the  comparison  between  the  second-order  upwind  and  QUICK 
schemes,  no  universal  claim  can  be  made  as  to  which  one  is  better.  For  the  problem  studied 
here,  the  QUICK  scheme  is  very  sensitive  to  the  formulation  of  the  coefficients  in  the 
numerical  algorithm.  If  diagonal  dominance  is  not  maintained,  the  QUICK  scheme  is  very 
unstable,  especially  for  large  number  of  grid  points.  On  the  other  hand,  the  second-order 
upwind  scheme  appears  to  be  quite  forgiving  as  far  as  its  numerical  implementation  is 
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concerned it  is  observed  to  be  stable  with  or  without  the  maintenance  of  diagonal 

dominance  in  the  coefficient  matrix.  However,  the  QUICK  scheme  seems  to  be  less  sensitive 
to  variations  in  the  boundary  treatment.  Second-order  upwind  scheme,  on  the  other  hand, 
shows  substantially  different  behavior  on  relatively  coarse  grids  for  different  boundary 
treatments.  To  summarize,  while  the  QUICK  scheme  appears  to  be  sensitive  to  its  numerical 
implementation,  the  second-order  upwind  scheme  appears  to  be  sensitive  to  the  consistency 
of  the  boundary  treatment.  With  locally  consistent  boundary  treatment  (Option  I)  along  with 
first-order  upwinding,  the  performance  of  these  two  schemes  is  quite  satisfactory,  with  the 
second-order  upwind  scheme  yielding  slightly  better  accuracy.  Hence,  one  cannot 
unequivocally  assert  a  universal  superiority  of  one  of  these  two  schemes  over  the  other. 
Moreover,  all  the  above  observations  are  based  on  the  driven  cavity  flow  problem  studied 
here  and  may  not  hold  identically  for  all  fluid  flow  problems  in  general. 

With  regard  to  the  boundary  treatment,  it  appears  that  the  cell-based  treatment 
(labelled  Option  I)  which  employs  a  first-order  upwind  or  central  difference  scheme 
consistently  across  both  the  faces  of  the  border  control  volumes,  is  more  robust  compared 
to  the  face-based  one  (labelled  Option  II)  which  uses  the  higher-order  upwinding  for  as 
many  faces  as  possible.  Also,  from  the  numerical  instability  of  the  QUICK  scheme  and  the 
slightly  slower  convergence  rate  for  the  second-order  upwind  scheme  when  diagonal 
dominance  is  not  maintained,  it  appears  that  one  should  strive  to  formulate  the  schemes  in 
a  manner  so  as  to  achieve  diagonal  dominance  if  an  iterative  solver  is  used.  Finally,  while 
only  a  uniform  grid  is  considered  in  the  present  study,  formulas  presented  for  the  various 
schemes  can  be  easily  modified  to  account  for  a  grid  non-uniformity  by  utilizing  the 
geometric  interpretation  discussed  in  the  present  work. 


CHAPTER  III 
CONCEPTS  OF  TVD  SCHEMES  AND  EXTENSION  TO  SEQUENTIAL  SOLVERS 


3.1.  Background 

Some  conventional  convection  schemes,  which  are  based  on  a  geometrical 
interpretation  of  the  fluxes  on  control  volume  interfaces,  were  studied  in  Chapter  11.  There 
the  focus  was  on  the  performance  of  those  schemes  for  convection-dominated,  recirculating 
flows.  In  this  chapter,  we  focus  our  attention  on  numerical  schemes  for  resolving  sharp 
gradients  and  discontinuities.  The  convection  scheme  to  be  developed  in  this  chapter  is  based 
on  a  Total  Variation  Diminishing  (TVD)  scheme  developed  by  Harten  (1983)  and  can  be 
interpreted  broadly  as  consisting  of  the  basic  central  difference  flux  augmented  with  an 
appropriate  amount  of  nonlinear  numerical  dissipation. 

To  present  the  basic  concepts  of  TVD  schemes  and  to  lay  the  foundation  for  extension 
of  these  schemes  to  multiple  dimensions  within  the  framework  of  the  pressure-based 
sequential  solver,  we  concentrate  in  this  chapter  on  one-dimensional  hyperbolic  systems  of 
equations.  Conventional  higher-order  schemes  (like  the  second-order  central  difference  and 
Lax-Wendroff  schemes)  for  hyperbolic  systems  of  conservation  laws  are  too  dispersive, 
leading  to  spurious  oscillations  near  sharp  gradients.  Moreover,  some  of  these  schemes  may 
select  a  nonphysical  solution.  These  problems  can  be  overcome  by  using  monotone 
conservative  finite  difference  schemes  which  always  converge  and  yield  a  physical  weak 
solution  satisfying  an  entropy  inequality  (Harten  1983, 1984).  However,  monotone  schemes 
are  only  first-order  accurate  and  are  especially  diffusive  near  discontinuities  in  the  solution. 
A  landmark  development  in  the  long  quest  for  a  satisfactory  shock-capturing  scheme  was 
the  introduction  of  the  TVD  concept  (Harten  1983).  The  TVD  schemes  belong  to  a  class  of 
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monotonicity  preserving  schemes  that  possess  the  so-called  total  variation  diminishing 
property,  to  be  defined  in  the  next  section.  These  schemes  are  required  to  be  total  variation 
diminishing  in  the  nonlinear  scalar  case  and  the  constant  coefficient  system  case  and  to  be 
consistent  with  the  conservation  law  and  an  entropy  inequality.  The  first  requirement  ensures 
suppression  of  spurious  oscillations  and  the  second  guarantees  that  the  weak  solutions  are  the 
physical  ones  (Harten  1983,  1984).  The  present  chapter  focuses  its  attention  on  TVD 
schemes.  Before  discussing  the  basic  theory  of  TVD  schemes,  a  summary  of  some  of  the 
several  modern  high  resolution  schemes  is  presented,  in  order  to  provide  a  feel  for  the 
enormous  research  activity  in  this  area. 

Overall,  a  multitude  of  strategies  have  been  employed  that  have  led  to  a  wide  variety 
of  modern  shock  capturing  schemes.  These  schemes  can  be  broadly  (and  not  very 

distinctively)  classified  into  two  approaches algebraic  and  geometric.  The  algebraic 

methods  eliminate  the  spurious  oscillations  by  limiting  algebraic  quantities  such  as  the 
interface  flux,  whereas  geometric  approaches  limit  geometrical  quantities  like  the  slope  of 
the  dependent  variables  and/or  their  fluxes.  The  algebraic  approaches  include  the  two-step 
FCT  schemes  such  as  those  by  Boris  &  Book  (1973),  Boris  et  al.  (1975)  and  Zalesak  (1979) 
and  several  TVD  schemes.  For  example,  Harten  has  developed  an  explicit  TVD  scheme 
(1983)  as  well  as  a  one-parameter  family  of  implicit  second-order  accurate  TVD  schemes 
( 1 984) .  Yee  et  al.  (1985)  have  examined  the  application  of  explicit  and  implicit  second-order 
accurate  TVD  schemes  to  steady  state  calculations.  Yee  &  Harten  (1987)  have  also  extended 
the  TVD  schemes  to  curvilinear  coordinates.  Some  of  the  other  TVD  schemes  include  the 
second-order  scheme  of  Roe-Sweby  (Sweby  1984,  Roe  1985,  1986),  the  symmetric  TVD 
scheme  of  Yee-Roe-Davis  (Davis  1984,  Roe  1986,  Yee  1987a),  the  one  parameter  family 
TVD  scheme  of  Chakravarthy  &  Osher  (1983)  and  the  flux-splitting  TVD  scheme  of  Liou 
(1987).  Many  other  studies  have  been  conducted,  e.g.,  Moretti  (1987),  Chang  &  Liou  (1988) 
and  Chen  et  al.  (1989).  The  geometric  methods  include  Godunov's  first-order  scheme 
developed  by  Godunov  (1959)  and  also  described  by  Sod  (1983),  its  second-order  accurate 


62 


extensions  such  as  the  MUSCL  schemes  of  Van  Leer  (1979),  Colella  (1985),  Davis  (1988) 
and  Goodman  &  LeVeque  (1988),  and  the  piecewise  parabolic  method  (PPM)  of  Woodward 
&  Colella  (1984).  Recently,  a  new  class  of  geometric  schemes  called  the  Essentially 
Non-Oscillatory  (ENO)  schemes  have  been  developed  (Harten  &  Osher  1987,  Harten  et  al. 
1987,  Harten  1989).  Przekwas  &  Yang  (1989)  and  LeVeque  (1990)  have  summarized  most 
of  the  modern  shock-capturing  schemes. 

The  conventional  convection  schemes,  such  as  the  central  difference,  upwind  (both 
first-  and  second-order)  and  QUICK  schemes,  can  be  easily  implemented  in  pressure-based 
algorithms,  as  documented  in  chapter  II.  On  the  other  hand,  the  high  resolution  shock 
capturing  schemes,  notably  TVD  schemes,  have  so  far  been  implemented  effectively  and 
reUably  only  in  density-based  simultaneous  solvers  (Yee  &  Warming  1985,  Yee  1987b) 
which  are  commonly  employed  for  compressible  flows.  For  these  simultaneous  solvers,  the 
TVD  schemes  can  be  implemented  in  a  relatively  straightforward  manner  via  a  similarity 
transformation  applied  to  the  system  of  equations  whose  characteristic  speeds  are  the 
eigenvalues  of  the  system's  Jacobian  matrix.  By  employing  appropriate  flux  or  slope  limiters 
and  artificial  compression  techniques,  a  high  resolution  of  discontinuities  can  be  obtained 
using  simultaneous  solvers.  On  the  other  hand,  the  contemporary  pressure-based  sequential 
solvers  (Patankar  1980,  Shyy  &  Braaten  1988)  originally  developed  for  incompressible 
flows,  in  which  the  governing  differential  equations  are  solved  iteratively  in  a  sequential 
manner,  do  not  employ  these  attractive  schemes  due  mainly  to  two  reasons.  One  reason  is  the 
nature  of  the  pressure-based  sequential  algorithms  which  treat  the  pressure  gradient  terms  as 
source  terms  unlike  the  simultaneous  algorithms  which  treat  them  as  part  of  the  flux  vectors 
and  hence  the  dependent  variables  such  as  the  velocity  vectors  do  not  retain  the  TVD 
property.  The  other  reason  is  that  the  issue  of  defining  the  local  characteristic  speeds  (on 
which  the  nonlinear  flux  or  slope  limiters  of  the  TVD  schemes  are  based)  for  sequential 
formulations  is  largely  unresolved.  Moreover,  the  interaction  between  the  cell  Peclet  number 
and  a  TVD-type  scheme  for  recirculating  flows  (which  often  possess  large  gradients  caused 
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by  the  balance  between  convective  and  viscous  effects,  instead  of  a  Rankine-Hugoniot  type 
of  jump  condition)  for  these  sequential  formulations  has  also  not  been  addressed  in  the 
literature. 

The  present  chapter  attempts  to  understand  the  issues  concerning  the  application  and 
implementation  of  the  above  mentioned  high  resolution  schemes  in  the  context  of  a 
pressure-based  sequential  algorithm  to  solve  Navier-Stokes  equations.  To  better  understand 
the  implementation  issues  for  these  schemes  applied  to  two-dimensional  Navier-Stokes 
equations  in  the  context  of  simultaneous  and  sequential  solvers,  the  simpler  system  of 
one-dimensional  inviscid  gas  dynamics  (Euler)  equations  is  the  focus  of  study  in  this 
chapter. 

Three  test  cases  are  investigated  in  this  chapter.  First,  the  standard  shock  tube 
problem  is  studied  in  order  to  evaluate  the  accuracy  of  the  flowfield  obtained  by  a  sequential 
algorithm  in  the  presence  of  discontinuities.  Next,  more  stringent  test  beds  such  as  the 
so-called  unsteady  shock  tube  problem  and  the  resonant  pipe  problem  are  employed  to 
investigate  the  performance  of  the  high  resolution  TVD  type  scheme  within  the  framework 
of  the  sequential  solver.  The  unsteady  shock  tube  problem  involves  the  interaction  of  various 
waves,  such  as  shock  waves  and  contact  surfaces,  with  the  closed  reflecting  ends  of  the  shock 
tube  and  with  each  other.  The  resonant  pipe  problem  involves  the  unsteady  evolution  of  an 
initial  smooth  pressure  wave  perturbation  into  a  shocked  N-wave.  A  larger  amount  of 
dissipation  is  usually  required  in  the  sequential  approach  in  order  to  coordinate  the  couplings 
among  different  equations  and  to  suppress  the  oscillations  near  discontinuities,  leading  to 
increased  smearing  of  the  solution  profiles.  To  overcome  this,  the  present  study  also 
investigates  the  effect  of  artificial  compression  techniques  (Harten  1978)  in  the  scheme.  It  is 
our  belief  that  these  one-dimensional  unsteady  flow  studies  will  clarify  the  issues  regarding 
the  applicability  and  implementation  of  TVD-type  modern  convection  schemes  within  a 
pressure-based  sequential  solution  framework  to  enable  their  extension  to 
multi-dimensional  fluid  flow  problems  involving  complex  physics. 
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3.2.  Basic  Theory  of  TVD  Schemes 

A  scalar  hyperbohc  conservation  law  can  be  written  as 

Wf  +fiw)x  =  Wt  +  aiw)  Wx  =  0  (3.1) 

w(x,  0)  =  Wq 

To  allow  for  discontinuities,  weak  solutions  to  the  system  (3.1)  must  be  admitted.  The  weak 
solutions  to  a  conservation  law  are  not  unique  and  thus  to  obtain  a  physically  correct  solution 
a  concept  of  an  entropy  condition  is  introduced  (Harten  1983).  The  system  (3. 1)  is  assumed 
to  possess  an  entropy  function  r](w)  such  that 

^)Vwfw  =  A( .  where  Q  is  some  function  called  entropy  flux,  and 

b)  ?7  is  a  convex  function  of  w. 
For  smooth  solutions,  the  entropy  function  r]  and  its  corresponding  flux  Q  satisfy  the 
conservation  law.  For  the  weak  solutions  to  be  uniquely  determined  from  the  initial  data,  they 
must  satisfy  the  entropy  inequality  (Harten  1983) 

T](w)t    +    Q{w)x    <    0  (3.2) 

This  condition  ensures  that  the  weak  solution  to  the  hyperbolic  conservation  law  is  the 
physically  correct  one.  To  guarantee  that  we  do  not  converge  to  non-solutions,  the  numerical 
scheme  is  preferably  cast  in  the  conservation  form.  If  the  computational  domain  is 
discretized  using  equal  spacing  Ax  and  At  and  k  for  the  space  and  time  coordinates, 
respectively,  then  the  numerical  approximation  to  the  solution  in  the  conservation  form  can 
be  written  as 

w;+'   =  w;-A  (^';,/2-^"_,/2)       -  (^-n-  (3.3) 

where  the  subscripts  denote  the  space  coordinates  on  the  discretized  grid  and  the  superscripts 
denote  the  time  level,  as  shown  in  Fig.  3.1(a).  Here  A  is  defined  as  At/Ax  and/  is  the 
numerical  flux  at  the  control  volume  interface  as  shown  in  Fig.  3. 1(a)  and  is  based  on  (2k+l) 
points,  i.e.. 
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/y+l/2      =    /   (^J-k+V     '^J+k)  (3.4) 

If  the  numerical  flux  is  consistent  with  the  physical  flux  in  the  sense  that 

fiw,    w,    ....    ,w)    =   f{w)  (3.5) 

then  the  numerical  scheme  is  said  to  be  consistent.  Moreover,  the  numerical  scheme  P  in 
(3.3)  is  consistent  with  the  entropy  condition  (3.2)  if  there  exists  a  numerical  entropy  flux 
Qj+l/2  consistent  with  Q(w}  in  the  same  sense  as  (3.5),  such  that 

The  numerical  scheme  has  to  be  conservative  and  consistent  in  order  to  yield  a  weak 
solution  to  the  conservation  law.  Scheme  P,  whose  total  variation  at  the  current  time  level  is 
defined  as 

TViyv)     =    ^    \wj    -    Wj_^\  (3.6) 

is  said  to  be  TVD  (Harten  1983)  if 

TV  (w"  +  ')    <    7y(w")  (3.7) 

This  means  that  the  total  variation  in  the  solution  at  any  timestep  can  not  be  more  than  the 
total  variation  of  the  initial  data  and  hence  no  spurious  oscillations  are  exhibited  in  the 
solution.  The  TVD  concept  was  first  introduced  by  Harten  (1983, 1984).  These  schemes  are 
required  to  be  total  variation  diminishing  in  the  homogeneous,  nonlinear,  scalar  case  and  the 
constant-coefficient  system  case.  The  presence  of  source  terms  in  the  conservation  law  can 
cause  these  schemes  to  lose  their  TVD  property  (Harten  1984,  Yee  1987b). 

In  the  present  work,  a  typical  representative  of  the  algebraic  schemes — the  well 
known  TVD  scheme  of  Harten  (1983,  1984)  is  chosen  for  application  to  the  shock  tube 
problem.  The  basic  idea  in  the  algebraic  TVD  schemes  is  to  blend  a  high-order  flux,/''  and  a 
low-order  flux,/''  using  an  appropriate  flux-limiter.  The  idea  is  to  use  the  high-order  flux  in 
the  smooth  regions  of  the  flow  and  thus  maintain  high  accuracy  and  to  use  the  low-order  flux 
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with  the  appropriate  flux-hmiter  near  the  discontinuity  to  prevent  spurious  oscillations. 
Thus  the  numerical  flux  can  be  expressed  as 


■^i  +  i 


/2 


-^  f"+i/2  +  (1-0)  /;+i/2 


-    fi+ 1/2     +     0      fi+\/2     ~    fi  +  \/l 


7.H 


■7.L 


(3.8) 


The  function  0  is  based  on  an  appropriate  flux  limiter. 

Any  general  high  resolution  scheme  in  the  form  (3.3)  can  also  be  written  as 


(P.w")j    -    -« 


w;     +     C",,/2^,,i/2 


W 


C] 


7- 1/2^  y-  1/2 


W" 


(3.9) 


i.e.,  the  numerical  flux  can  be  written  as 


/.. 


/2 


=   -\c- 


x^j+\n  ^j+^n 


w 


(3.10) 


It  can  be  shown  that  if,  for  ally,  the  C^  satisfy  the  following  conditions: 

C>l/2     ^     0    .  C+^i/2     +     C';"+l/2     ^     1 


then  the  scheme  P  is  TVD. 


3.2.1.  Harten'  TVD  Scheme  for  Scalar  Conservation  Laws 


(3.11) 


Harten  (1983,  1984)  has  developed  a  five-point  second-order  TVD  scheme  from  a 
three-point  first-order  accurate  TVD  scheme  by  applying  the  latter  to  a  modified  flux  as 
described  below.  For  the  first-order  three-point  scheme,  i.e.,  for  which  we  have 

/y+i/2  =fi^r    Wj+i)  (3.12) 

the  numerical  flux  can  be  written  as 


•^.  +  i/2  =  i/y+/7>i-i!2(w2)^;+: 


/2 


w 


(3.13) 


where 


and 
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V  =  Xc 


7+1/2 


(3.14a) 


^j+l/2 


if^,+  i/2^^0 


if^y+1/2^   =   0 


(3.14b) 


where 


^j+1/2^   =   M^y+l 


W; 


(3.14c) 

and  g(xj  is  abounded  function  representing  an  appropriate  amount  of  numerical  dissipation, 
to  be  discussed  later. 

The  numerical  flux  (3.13)  can  also  be  written  in  the  form  of  Eq.  (3.10)  where  C^  are 


;+l/2 


Q\v 


0+1/2/    ^  ^;+l/2 


(3.15) 


The  function  Q(x)  in  (3.13)  is  referred  to  as  the  coefficient  of  numerical  viscosity.  It  can  be 
shown  that  if  Q(x)  satisfies  the  inequalities 

\x\     <    Q{x)    <    1  for  0    <    1x1     <    /^     <    1  (3.16) 

then  the  finite-difference  scheme  (3.3)  with  numerical  flux  given  by  (3.13)  is  TVD  under  the 
CFL-like  restriction 

l.maxloj'^j^jl    -    ^^  (3-17) 

where  fi  is  the  prescribed  CFL  criterion. 

Now,  we  describe  how  to  obtain  a  second-order  TVD  scheme  from  the  above 
first-order  scheme  (Harten  1983).  Truncation  error  analysis  shows  that  the  first-order  TVD 
scheme,  i.e,  Eq.  (3.3)  with  flux  given  by  (3.13)  approximates  the  modified  equation 

Wj+A    =  At[g{w,k)wx\  (3.18a) 


where 
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g(w,/l)  =  i[2(v)  -  v^ 


(3.18b) 


to  second-order  accuracy,  i.e,  the  first-order  TVD  scheme  approximates  the  above  modified 
viscous  equation  better  than  it  does  the  original  conservation  law  (3.1).  Thus  a  second-order 
scheme  is  obtained  by  applying  the  first-order  scheme  to  a  modified  flux  (f+g)  where  the 
flux  g  is  an  approximation  to  the  right-hand  side  of  Eq.  (3.18a), 
i.e., 

(3.19) 


g  =  At  gw^+  Q[{Ax) 

The  application  of  the  first-order  scheme  to  the  flux  (f+g)  cancels  the  error  due  to  the  viscous 
terms  on  the  right  hand  side  of  Eq.  (3. 18a)  to  0((Ax)2);  thus  g  behaves  like  an  anti-diffusion 
flux  and  serves  to  improve  the  resolution  of  the  discontinuities.  The  numerical  flux 
corresponding  to  the  second-order  TVD  scheme  is  given  by 


f  =i 

where 


fj+fj^,   +  \[  gj  +  gj^,  -  q{vj^,/2  +  y,+  i/2)^;+i/2w} 


(3.20a) 


yj+i/2 


=  < 


Sj+i  -Sj\ 
0 


if^y+l/2^   =   0 


(3.20b) 


The  function  g  in  (3. 18a)  is  now  the  effective  numerical  viscosity  coefficient  for  this 
second-order  accurate  scheme.  A  natural  choice  of  Q(x)  under  the  restriction  (3.15)  is 
Q(x)=\x\  since  it  gives  the  least  dissipative  TVD  scheme  of  the  form  (3.3).  But  for  v  =  0  (i.e., 
for  zero  propagation  speed  of  discontinuities)  the  numerical  viscosity  g  vanishes  and  this 
leads  to  an  entropy  violation  in  scheme  (3.3)  with  the  numerical  flux  given  by  (3.20a)  (this  is 
true  only  in  genuinely  nonlinear  characteristic  fields).  To  eliminate  this  entropy  violation, 
Q(x)  is  modified  near  x  =  0  and  made  positive.  One  such  form  of  Q  which  has  the  desired 
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properties,  suggested  by  Harten  (1983),  is  the  following: 
Q{x)  =  < 


U^  +  d]    ,       if  Ixl  <  ^ 

2V^  /  (3.21) 


Ixl    ,  if  \x\  >  (5 

Here  d  =  dj+j/2  =  d(wj,  Wj+j)  >  0.  An  expression  for  (5,  based  on  local  values  of  vt^,  has  been 
developed  by  Harten  &  Hyman  (1983).  Thus,  the  amount  of  dissipation  in  this  schemecanbe 
varied  by  varying  a  parameter  d  which  is  implicitly  embedded  in  the  scheme.  The  range  of  6, 
as  mentioned  earlier,  for  the  scheme  to  be  TVD  is  0  to  1 ,  the  lower  extreme  corresponding  to 
the  least  diffusive  scheme  and  the  upper  value  to  the  most  dissipative  one. 

The  construction  suggested  by  Harten  (1983)  which  satisfies  all  the  above 
requirements  is  the  following: 


where  the  function  minmod(a,b)  yields  the  absolute  value  of  the  minimum  of  fi!  and  b  if  they 
are  of  the  same  sign  and  zero  otherwise.  Mathematically  this  function  can  be  expressed  as 

g^.  =  5.max|o,    min(^.^i/2^.^j/2^l,    ^.g,-_i/2^,_,/2w)}  (3.22b) 

where 

s  =  sign(^Aj_^^/^w^  (3.23) 

and  8j±]/2  ^^e  defined  by  Eq.  (3.18b). 

3.2.2.  Artificial  Compression 

The  resolution  of  the  discontinuities,  especially  the  contact  discontinuity  can  be 
further  improved  by  applying  artificial  compression.  The  basic  motivation  of  converting  a 
first-order  TVD  scheme  into  the  second-order  TVD  scheme  can  be  found  in  the  original 
concept  of  artificial  compression  (Harten  1978).  The  resolution  of  the  above  second-order 
scheme  can  be  further  increased  by  applying  the  first-order  scheme  to  [f+(l+a))g],  (d>0, 
rather  than  to  (f+g).  This  is  the  essence  of  artificial  compression  in  the  context  of  the 
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second-order  TVD  scheme.  This  can  be  achieved  by  increasing  the  size  of  gby  adding  a  term 
which  is  0((Ax)2)  in  the  regions  of  smoothness.  Two  such  methods  have  been  reported  in 
literature,  in  the  context  of  Harten's  TVD  scheme.  One  method,  labelled  ACMl,  suggested 
by  Yee  et  al.  (1985),  is  to  replace  the  flux  ghy  g: 


gj  =  [^+^Oj)gj,    <D> 


0 


(3.24) 


where 


^j  = 


^;+l/2^-^y-l/2^ 


^j+X/l^ 


+ 


^,-1/2^ 


(3.25) 


which  means  that  the  amount  of  artificial  compression  is  regulated  by  the  ratio  of  second  to 
first  derivatives  of  the  variable  w  on  each  surface  of  a  control  volume.  This  method  involves  a 
manual  assignment  for  the  value  of  G).  Yee  et  al.  (1985)  recommend  a  value  of  ft>=2  from 
numerical  experiments. 

The  second  method,  labelled  ACM2,  is  the  one  used  by  Harten  (1983)  in  which  g  is 
given  by 

gj  =  gj  +  Ojgj  (3.26) 


where  g-  follows  the  minmod  function,  i.e. 

gj  =  5.  max    0,  minf5.a._j /j.^ 


■1/2^'    ^j+l/2 


^j+l/2^ 


S    =    sgn I A 


;  +  i/2 


w 


^;+l/2   =  Ty+l/2 


1    -   2(^-M/2) 


(3.27a) 


(3.27b) 


(3.27c) 


and  6j  is  the  same  as  in  Eq.  (3.25).  In  this  method  the  manual  assignment  of «  as  in  Eq.  (3.24) 
is  replaced  by  the  assignment  of  the  compression  factor  implicitly  in  Eq.  (3.26)  using  the 
gradient  information  from  the  evolving  solution  profile. 
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3.2.3.  Application  of  the  TVD  Scheme  to  Systems  of  Conservation  Laws 

The  TVD  schemes  described  above  can  be  extended  to  systems  of  conservation  laws 
by  applying  them  scalarly  to  each  of  the  appropriately  linearized  variables.  The  system  of 
equations  in  one  space  dimension  can  be  written  as 

f    .    Am^     =    0,  A(^    =    ^  (3.28) 

where  Wand  F(W)  are  column  vectors  of  m  components  andAfWj  is  the  Jacobian  matrix. 
Since  the  system  is  hyperbolic,  the  matrix  A  has  real  eigenvalues  denoted  by  a^(W)  (where 
1=1, ...,m)  and  a  complete  set  of  right  eigenvectors  'Hh^W),  written  as 

SR(W)    =    l^HW),    ^\W), ,5R'"(W)]  (3.29) 

The  inverse  of  the  above  matrix  consists  of  the  left  eigenvectors  of  A(W),  denoted  by  'Sh~^  or 
L.  Premultiplying  the  basic  equation  by  9fe~^  gives 

SR-iM     +    sft-iASftSR-1^     =    0  (3.30) 

dt  dx 

If  we  define  characteristic  variables  Z  as 

Z    =    sft-'W  (3.31) 

and  assume  locally  constant  coefficients,  the  vector  equation  (3.28)  can  be  written  as  m 
decoupled  scalar  equations  as  follows: 

4^  +  fl'^  =  0,  a^  =  const   ;  I  =  l,2,...,m  (3.32) 

ot  at 

The  characteristic  variables  z^  can  also  be  treated  as  the  components  of  Win  the  coordinate 
system  {9^^},  i.e., 

m 

Let  Whereafter  stand  for  the  numerical  approximation  to  the  physical  variable  vector  Wand 
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let  W;+7/2  be  an  average  of  Wj  and  Wj+j   and  let  a'j_^^,^  denote  the  component  of 
■^;+i/2^^  ^7+1  ~  Wy  in  the  coordinate  system  {SRd''},  i.e., 


rn 


a 


k=\ 


_      p^ 


1/2 


7+1/2  ^7+1/2^7+1/2 


w 


(3.34a) 
(3.34b) 


Harten's  TVD  scheme  described  above  for  the  scalar  conservation  law  in  Eqs. 
(3.20)-(3.23)  can  be  extended  for  a  general  system  of  conservation  laws  as  follows: 


W«  +  l 
/ 


W} 


7  -  a(f;Vi/2  -  F7-1/2) 


(3.35) 


where 


}+l/2     =    ^[F(Wp  +  F(Wj,0 


+ 


(3.36a) 


rn 

IX  ^    J+ 


21 


k=\ 


1/2 


^+^+1 


■)kr.,k 


e>;„/,  +  r;„/,)«;„/, 


yk 

7+1/2 


=    XaHw 


Qk  _    J: 
^7        ^7  + 1/2 


max 


^■+1/2 


0,   min 


G;+l/2,    G;_i/2  /^,/2 


(3.36b) 


(3.36c) 


^;+i/2  =  ^5«  G,-+i/2 


~k 

Gj+\/2 


)ku.k 


Q\v)^„^) 


^  j+\/2' 


a 


7+1/2 


(3.36d) 
(3.36e) 


^;+i/2 


^^1 


=   ■{ 


a 


7+1/2 
0, 


when  a^ ,  ,  ,„  ^  0, 

;+l/2 


when  a 


7+1/2 


(3.36f) 


Note  that  the  quantities  such  as  f/,  F,  F,  G,  G,  etc.  denote  vector  quantities  for  the  system  of 
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conservation  laws  and  are  written  in  capital  letters  to  distinguish  them  from  their 
corresponding  counterparts  in  Eqs.  (3.20)-(3.23)  for  the  scalar  conservation  law  (3.1). 

3.3.  Application  to  Euler  Equations  for  the  Shock  Tube  Problem 

The  system  of  Euler  equations  can  be  treated  either  as  a  system  of  simultaneous 
equations  or  a  system  of  sequential  equations.  The  former  treatment  has  been  the 
conventional  one  in  which  the  TVD  schemes  are  applied  to  the  system  of  simultaneous 
equations  using  the  eigenvalues  and  the  eigenvectors  of  the  Jacobian  matrix,  as  described 
above.  The  latter  approach,  to  be  presented  shortly,  treats  the  equations  as  a  collection  of 
wave  equations  and  the  TVD  scheme  has  to  be  applied  with  each  equation  considered  as  a 
scalar  conservation  law.  To  our  knowledge,  such  an  approach  has  not  been  attempted  in 
literature  and  the  present  study  explores  this  approach.  As  the  first  test  case,  the  standard 
shock  tube  problem  is  used.  An  ideal  gas  is  present  in  the  tube  on  either  side  of  a  diaphragm 
located  at  the  center  of  the  tube  with  initial  states  to  the  left  and  the  right  of  the  diaphragm  as 
shown  in  Fig.  3.1  (b).  The  total  length  of  the  shock  tube  is  14  units  and  is  discretized  using  141 
equally  spaced  grid  points.  The  Courant  number  A  is  chosen  to  be  0.1  and  thus  the  timestep 
size  At  is  0.01 .  It  should  be  pointed  out  that  for  this  value  of  A  the  CFL  condition  is  satisfied 
for  all  the  cases  studied.  At  time  t=0  the  diaphragm  is  broken  and  the  solution  is  traced  at 
subsequent  time  steps.  The  solution  profile  consists  of  a  shock  wave  and  a  contact 
discontinuity  moving  to  the  right  of  the  initial  location  of  the  diaphragm  and  an  expansion 
fan  moving  to  the  left.  The  solution  profiles  at  any  instant  are  compared  with  the  exact 
solution  used  as  the  benchmark. 

3.3.1.  Euler  Equations  as  a  Simultaneous  System 

The  inviscid  gas  dynamics  equations  in  the  conservation  form  are: 
dW  dF(W) 

where  the  vector  W  of  conservative  variables  and  the  flux  vector  F  are  given  by 
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.n+l 


t" 


New  Time  Level 


(a)  Schematic  of  the  control  volume. 


Left  state 

Right  state 

Ql  =  0.445 

Qr  =  0.5 

mL  =  0.311 

mR  =  0.0 

E,   =  8.928      ^^^^ 

Er  =  1.4275 

-Diaphragm 


(b)  Schematic  of  the  shock  tube  problem. 


Fig.  3.1.  Schematics  of  the  control  volume  and  the  shock  tube  problem. 
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W    = 


Q 

m 
E 


F    = 


m 


m^/g    +    p 
(E    +    p)m/Q 


(3.38) 


where  m  =  ^m,  p  is  the  density,  m  is  the  velocity, p  is  the  static  pressure  and  E  is  the  total  energy 
per  unit  volume  defined  as 


(3.39a) 


E    =    Q\e    +    ^ 


where  e  =  Cy  T  is  the  specific  internal  energy.  The  pressure  p  for  a  perfect  gas  is  defined  using 
the  equation  of  state  as 


p    =    Qe{y  -  1)     =    [E 


2q 


l(y-  1) 


(3.39b) 


where  y  is  the  ratio  of  specific  heats  at  constant  pressure  and  constant  volume,  respectively. 
The  total  enthalpy  of  the  gas  can  be  expressed  as 


H    = 


Y    -    1 
in  which  c  is  the  sound  speed  given  by 


+ 


The  equation  (3.37)  can  also  be  written  in  the  form 

dt  dx 

where  A(W)  =  dF/dW  is  the  Jacobian  matrix  given  by 


0 

(y  -  3)mV2 

u{y  -  l)u^/2  -  uH 


1 

(3  -  y)u 
H  -  (y  -  l)u^ 


0    ■ 

(y  -  1) 

yu 


(3.39c) 


(3.39d) 


(3.40) 


(3.41) 


The  eigenvalues  of  the  above  Jacobian  matrix  are  given  by 
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{a^,a^,a^)     =    {u  —  c,    u,    u  +  c) 
The  right  eigenmatrix  corresponding  to  these  eigenvalues  is  given  by 


% 


1 


1 


H  -  uc       ^ 


1 

u  +  c 

H  +  c 


The  inverse  of  the  above  9^  matrix  is  the  left  eigenmatrix  given  by 


^-^  = 


1  -*, 


1/ 

2\ 

-  h^  -  i) 

¥A 

^2" 

-h 

1 

2 

i\ 

¥._ 

where 


b,     =    bn^r 


h   = 


y  -  1 


'2  2  -  c^ 

Thus  the  vector  a  of  Eq.  (3.34b)  can  be  written  as 


1 
7+1/2 

2 

i+1/2 

3 

y+1/2 


(aa  —  bb)/2 


—  aa 


(aa  +  bb)/2 


where  aa  and  bb  are  defined  as 


aa 


y-  1 

y+1/2   . 


;+i/2 


+  1/2^     +  2       "^y+lA^  ";+l/2^j+l/2"^ 


Z?^     = 


'^j+l/l'^  "i+l/2^;+l/2^ 


^i+1/2 


(3.42) 


(3.43) 


(3.44) 


(3.45) 


(3.46) 


(3.47a) 


(3.47b) 


Recall  that  Zl;+ 7/2  m  =  mj+j  —  rrij,  etc. 

The  simplest  form  of  averaging  for  calculating  Wj+j/2  is  the  algebraic  average  of  Wj 
and  Wj+].  Another  form  of  averaging  has  been  suggested  by  Roe  (1981)  that  resolves 
stationary  discontinuities  perfectly  for  the  gas  dynamics  equations.  Both  averaging  methods 
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have  been  used  in  the  present  study.  Also,  as  seen  from  Eq.  (3.35),  the  time-discretization 
scheme  used  is  the  well  known  explicit  backward  Euler  scheme. 

The  density  profiles  of  the  shock  tube  problem  after  elapsed  time  t=2.0  for  the  system 
of  simultaneous  Euler  equations  obtained  by  using  the  first-order  upwind  and  the 
conventional  second-order  Lax-Wendroff  schemes  are  shown  in  Fig.  3.2.  The  first  order 
scheme  smears  out  the  profiles  near  the  discontinuities  whereas  the  second-order 
Lax-Wendroff  scheme  yields  spurious  oscillations.  The  density  and  energy  profiles  at  t=2.0 
obtained  using  Harten's  TVD  scheme,  i.e.  Eqs.  (3.35)-(3.36),  for  the  system  of  simultaneous 
Euler  equations  with  6=0,  both  with  and  without  artificial  compression  are  plotted  in  Fig. 
3.3.  The  profiles  in  Fig.  3.3(b)  correspond  to  a>  =  0.0,  2.0  and  3.0  for  the  expansion  fan, 
contact  discontinuity  and  the  shock  regions,  respectively  (i.e.,  corresponding  to  the 
eigenvalues  a^,a^  and  a^,  respectively) .  It  can  be  seen  that  the  TVD  scheme  gives  high-order 
accuracy  in  the  smooth  region  of  the  flow  and  a  much  better  resolution  of  the  discontinuities, 
more  so  with  artificial  compression,  exhibiting  no  presence  of  spurious  oscillations, 
compared  to  the  conventional  schemes.  As  the  amount  of  dissipation  in  the  TVD  scheme  is 
increased  by  successively  using  higher  d,  the  profiles  become  more  and  more  smeared. 

3.3.2.  Euler  Equations  as  a  Sequential  System 

Using  a  sequential  solution  approach,  the  gas  dynamics  equations  have  to  be  treated 
as  a  collection  of  individual  wave  equations  and  the  TVD  scheme  has  to  be  applied  to  each 
equation  treated  as  a  scalar  conservation  law.  Different  approaches  have  been  employed  in 
the  present  study  in  order  to  understand  the  issues  behind  effective  application  of  the  TVD 
schemes  for  a  sequential  solution  approach  and  are  described  below. 

Approach  A:  naive  extension  of  the  TVD  scheme  for  scalar  conservation  laws 

Treating  the  Euler  equations  as  individual  scalar  conservation  laws  for  the  dependent 
variables  g,  m  and  E,  respectively,  the  equations  can  be  written  as 
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1.4 


Exact  solution 
First-order  up\vmd  scheme 


(a)  First-order  upwind  scheme 


1.6 


1.4 


1.2 


0.8 
0.6 
0.4 
0.2 
0 


-  -   Exact  solution 
—  Lax-Wendroff  scheme 


0 


10 


12 


14 


(b)  Lax-Wendroff  scheme 

Fig.  3.2.  Density  profiles  of  the  shock  tube  problem  using  the  simultaneous  solution  approach  with 
first-order  upwind  and  second-order  Lax-Wendroff  schemes. 
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dm 
dt 


dE 
dt 


dg  d[m] 

dt  dx 


=     0 


+ 


dx 


Q 


rw 


+  (r-i)  £-t^ 


+ 


dx 


m?-\m 


f    +    "'-'V       2?/? 


=    0 


=    0 


(3.48a) 
(3.48b) 

(3.48c) 


The  convective  fluxes  for  the  three  dependent  variables,  namely  j^  ,fm  andjfe,  respectively  are 
the  quantities  in  the  square  brackets  in  the  above  three  equations.  The  local  characteristic 
speeds  {aj+j/2)  for  these  three  equations,  according  to  the  standard  notion,  i.e,  Eq.  (3.14b), 
are 


a 


fj 


+  1 


fj 


7+1/2 


w^.+  i     -     Wj 


(3.49) 


where /is  the  flux  and  w  denotes  the  relevant  conserved  quantity,  i.e.,  g,  m  or  E.  Thus  the 
TVD  scheme  can  be  applied  to  these  three  equations  individually,  using  a  different 
characteristic  speed  for  each  scalar  conservation  law  as  specified  by  Eq.  (3.49).  Fig.  3.4(a) 
shows  the  density  and  energy  profiles  at  elapsed  time  t=2.0  using  6=0.2.  Though  the  shock 
seems  to  be  captured  quite  effectively,  one  observes  nonphysical  oscillations  away  from  the 
shock.  This  behavior  is  found  to  be  independent  of  the  size  of  the  timestep  and  the  amount  of 
dissipation  in  the  scheme.  Fig.  3 .4(b)  shows  the  density  and  energy  profiles  for  (5= 1 .0,  i.e,  the 
maximum  allowable  amount  of  dissipation  in  the  scheme.  The  nonphysical  oscillations  are 
still  present,  though  less  than  the  previous  case.  Another  point  to  be  noted  is  that  this  behavior 
is  not  due  to  a  instability  caused  by  violation  of  the  CFL  condition  given  by  Eq.  (3.17).  If  we 
calculate  A  for  every  timestep  based  on  the  CFL  criterion  (3.17)  withpi=0.9  and  the  local 
characteristic  speed  (3. 14b),  the  value  of  A  turns  out  to  be  very  low  as  given  in  Table  3.1.  This 
might  lead  one  to  conclude  that  very  small  values  of  A,  i.e.,  a  very  small  timestep  size  is 
needed  in  order  to  avoid  spurious  oscillations  using  the  TVD  scheme  in  the  framework  of 
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approach  A.  But,  in  reality,  these  small  values  of  1  are  a  result  of  the  fact  that  the 
characteristic  speeds  of  the  three  equations  in  the  Euler  system  are  different,  leading  to  a 
nonphysical  and  asynchronous  propagation  of  the  physical  variables.  This  is  evident  from 
the  corresponding  values  of  1  for  the  case  of  the  simultaneous  system  of  equations  (Table  3.1) 
which  are  more  realistic,  namely  they  are  of  order  0(1),  due  to  the  fact  that  the  propagation  of 
all  the  variables  is  synchronized  by  the  eigenvalues  of  the  Jacobian  matrix  of  the  Euler 
system.  Thus  it  can  be  seen  that  a  straightforward  implementation  of  such  schemes  in  a 
sequential  solution  approach  can  not  be  meaningful  because  according  to  Eq.  (3.49),  each 
equation  possesses  a  different  characteristic  speed  that  is  not  commensurate  to  others.  In 
reality,  however,  as  indicated  by  Eqs.  (3.34)  and  (3.36)  for  the  simultaneous  system  of 
equations,  all  three  characteristic  speeds  are  present  in  every  equation;  this  requirement 
cannot  be  accommodated  in  sequential  approach  A,  and  hence  a  strict  adoption  of  a 
characteristic-based  technique  can  not  be  applied.  Thus,  a  new  approach  has  to  be  taken  as 
described  next. 


Table  3.1.  Values  of  A.  for  sequential  approach  A  and  simultaneous  approach  using  CFL 

number  =  0.9. 


Timestep 

For  sequential  approach  A 

For  simultaneous  approach 

1 

8.81x10-2 

0.235 

2 

1.05x10-2 

0.216 

3 

2.11x10-3 

0.214 

4 

2.74x10-3 

0.210 

5 

3.03x10-3 

0.207 

6 

3.24x10-3 

0.205 

7 

3.41x10-3 

0.204 

8 

3.57x10-3 

0.203 

9 

2.80x10-3 

0.202 

10 

3.66x10-3 

0.202 
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Approach  B:  coordinated  characteristics 

From  the  above  discussion  it  is  clear  that  we  need  to  prescribe  a  characteristic  speed 
for  the  entire  system  of  sequential  equations,  instead  of  the  individual  equations.  The 
obvious  choice  is  the  convection  speed  u  in  the  Euler  equations.  Thus  the  system  can  be 
written  as  follows 

^    +    ^M     =    0  (3.50a) 

dt  dx 

Srn     ^    d[mu]      ^     _  dp  ^^  ^^^^ 

dt  dx  dx 

QE    ^    d[Eu\     ^     _  d{pu)  (3.50c) 

dt  dx  dx 

where  the  pressure/?  is  defined  in  Eq.  (3.39b).  In  Eq.  (3.50),  the  terms  on  the  right-hand  side 
are  treated  as  source  terms.  Previously  in  Eq.  (3.48)  for  approach  A,  they  are  placed  on  the 
left-hand  side  of  the  equations  and  considered  as  part  of  the  fluxes.  The  local  characteristic 
speed  aj+j/2  defined  on  the  right  interface  of  the  control  volume  for  all  of  the  above  three 
equations  is  now  defined  as 

Thus  each  of  the  scalar  conservation  laws  has  the  same  characteristic  speed,  namely  u,  and 
the  terms  involving  pressure  are  now  source  terms.  It  should  be  noted  that  this  form  of  the 
equations  is  consistent  with  the  form  of  Navier-Stokes  equations  written  for  the  sequential 
pressure-based  methods  (Patankar  1980,  Shyy  &  Braaten  1988). 

The  algebraic  TVD  scheme  of  Harten  is  now  applied  to  this  system.  Explicit 
backward  Euler  time  discretization  is  used  as  shown  in  Eq.  (3.3)  with  the  source  terms 
appearing  explicitly.  The  source  terms  are  not  treated  in  any  special  manner  and  just  appear 
explicitly  in  the  discretized  equation.  As  in  the  simuhaneous  case,  the  value  of  A  used  in  these 
calculations  is  0.1  with  the  timestep  sizezlf=0.01.  For  6=0,  i.e.,  for  the  least  amount  of 
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allowable  dissipation  in  this  scheme,  it  yields  severe  oscillations  near  the  discontinuities,  as 

seen  in  Fig.  3.5(a),  which  can  be  attributed  to  two  factors.  One  is  the  lack  of  dissipation  in  the 

scheme  and  the  other  is  the  presence  of  source  terms  on  the  right  hand  side  of  Eq.  (3.50).  To 

observe  the  effect  of  the  amount  of  dissipation  on  the  accuracy  of  the  scheme,  the  value  of  ^  is 

successively  increased;  the  plots  for  various  d  are  shown  in  Fig.  3.5.  The  profiles  obtained 

using  the  simultaneous  solution  approach  (with  ^=0.2  for  all  the  plots  of  the  simultaneous 

equations  case)  are  also  plotted  in  Fig.  3.5  to  compare  the  relative  accuracy  of  the  sequential 

approach  for  varying  values  of  ^,  both  in  terms  of  the  presence  of  oscillations  and  the  amount  [ 

of  smearing  of  the  profiles.  Figure  3.5  shows  that  the  oscillations,  which  are  present  near  the 

contact  discontinuity  and  the  shock,  are  successively  reduced  as  6  is  increased  but  the 

profiles  become  more  and  more  smeared.  It  is  seen  that  for  lower  d  the  density  and  energy 

profiles  compare  very  well  with  that  obtained  using  the  simultaneous  approach  in  terms  of 

smearing  of  the  profile  in  the  region  of  the  contact  discontinuity  and  the  shock  but  some 

oscillations  are  present.  The  oscillations  are  completely  suppressed  for  (5  >0.8,  as  seen  in 

Fig.  3.5(d),  but  the  profiles  are  more  smeared  compared  to  the  simultaneous  approach. 


Approach  C:  Coordinated  Characteristics  with  Special  Source  Term  Treatment 

As  mentioned  earher,  one  of  the  reasons  for  the  presence  of  oscillations  is  the  source 
terms.  It  is  well  known  (Yee  1987,  LeVeque  &  Yee  1 990)  that  the  high  resolution  schemes  no 
longer  possess  the  TVD  property  in  the  presence  of  source  terms,  except  in  some  special 
cases.  A  conservation  law  for  the  dependent  variable  w,  with  a  source  term  W(w)  can  be 
written  as 

Wt    +   f{w)^    =    xp{w)  (3.52) 

In  order  to  treat  the  source  terms,  several  approaches  have  been  suggested  in  literature  (Yee 
1987,  LeVeque  &  Yee  1990,  Chang  1990),  and  are  described  below. 
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Method  I.  The  first  method,  labelled  method  I,  is  an  extension  of  MacCormack's 
predictor-corrector  method,  treating  the  source  terms  in  an  explicit  manner  and  maintaining 
second-order  accuracy.  Let  w  denote  the  dependent  variable  in  the  scalar  conservation  law, 
namely  g,  m  or  E  for  the  three  equations,  respectively;  then  this  method  can  be  written  as 
follows:  first,  for  the  predictor  step 

(3.53a) 


Awf    =     -X[fiwp    -   fiw'J_M    +    AtyjiwJ) 


J  J  J 


next,  for  the  corrector  step. 


J  J  2\      J  J    J 

and  the  final  updated  value  at  the  time  step  (n+1)  is  obtained  from 


(3.53b) 


w 


n  +  \      _ 


w(2)     -     X 
J 


fj+l/2 


W 


(2) 


-   /;-! 


/2' 


w 


(2) 


(3.53c) 


where  the  last  step  involves  the  incorporation  of  flux  limiters  using  the  TVD  flux  /  defined 
inEq.  (3.20a). 


Method  II.  For  stiff  source  terms,  one  technique  is  to  handle  the  source  term 
implicitly  whereas  the  flux  terms  remain  explicit.  Such  a  modification  of  method  I,  labelled 
method  II,  is  a  semi-implicit  extension  of  MacCormack's  predictor-corrector  method  (Yee 
1987,  LeVeque  &  Yee  1990).  This  method  can  be  written  as: 


1  -^Atip'[w] 


J 


fiw'J    -fiw'J_A\+Atip[w'J 


;  J  J 


1  -  i  J?  rp'l^w'fj    Awf  =  -  Mf(w^^}^  -fi^f)]  +  ^^  y^{wj)  (3-54) 


H;(2)      =.      vv"      +     i(zlw(l)      +     AW^^A 

J  J  2\      J  J    J 


J  J 


fj.,M")  -  fj-A-''' 


where  the  last  step  involves  the  incorporation  of  flux  limiters  using  the  TVD  flux  /  defined 
in  Eq.  (3.20a).  The  above  method  is  second-order  accurate  both  in  space  and  time.  For  the 
system  given  by  Eqs.  (3.50),  the  ip\w)  terms  can  be  obtained  using  Eq.  (3.39b)  as  follows: 

Momentum    :         y;\m)     =    ^  (  -  ^ )     =    (7  "  D  ^^^  (3.55a) 


,„.rsy:  ,(.)    =^(_^)     .    _(,_„^  (3.55b) 


Method  III.  The  third  approach  is  to  use  a  time-splitting  method  in  which  the 
conservation  law  without  the  source  term  and  the  ODE  involving  the  unsteady  term  and  the 
source  term  are  solved  alternately  (LeVeque  &  Yee  1990).  Strang's  time-splitting  (Strang 
1968)  is  used,  which  maintains  second-order  accuracy: 

w"  +  i     =    Sy,(At/2)   Sj(At)   S^iAt/2)   w«  (3.56) 

where  Sf  represents  the  numerical  solution  operator  for  the  system 

w^    +   f{w)x    =    0  (3.57a) 

and  Sxp  is  the  numerical  solution  operator  for  the  ODE 

wt    =    yj{w)  (3.57b) 

These  operators  have  the  following  form: 
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S^iAt/2y. 


Atip'(wfj    Aw]  =  i  Atyj{w'J 


(3.58a) 


SfiAt): 


Wj     =    w'l    +    Awj 


Aw^'^    = 
J 


^(/(wj)   -/(wj-i) 
(1)     =    w*    +    Zlw(') 


w 


(2) 


(3.58b) 


5V^(z1?/2): 


■'  J 


fj+\/2 


W 


fj-\n 


w 


1  1  A  ,    ll  **\  J  **  1  ^  ,    /  1" 


(3.58c) 


w 


,n  +  1 


=     Wy        +     AWj' 


where  again  the  numerical  flux  /  is  defined  in  Eq.  (3.20a). 

The  above  three  methods  are  employed  to  treat  the  source  terms  (i.e,  the  terms 
involving  pressure)  in  the  Euler  equations.  Harten's  TVD  scheme  is  used  with  and  without 
artificial  compression.  Artificial  compression  is  applied  using  the  two  methods  described  by 
Eqs.  (3.24)-(3.27).  For  each  of  the  three  scalar  equations  (3.50a-c),  we  use  w  =  p  in  Eq. 
(3.25).  Any  other  flow  variable  which  is  discontinuous  across  shocks  and  contact 
discontinuities,  such  as  entropy,  can  also  be  used  to  serve  as  an  automatic  switch  to  identify 
the  discontinuities  (Harten  1978).  In  order  to  prevent  the  application  of  artificial 
compression  in  the  regions  of  small  fluctuation  of  flow  variables  due  to  the  numerical 
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procedure  rather  than  the  presence  of  a  discontinuity,  the  following  modification  is  made: 
Oj  of  Eq.0. 25)        if      |zl.^j/2£'|  +  K-i/2P 


^;    = 


0  otherwise 


>  e 

(3.59) 


where  £  is  a  measure  of  an  insignificant  variation  of  density.  Since  artificial  compression 
should  not  be  applied  in  the  regions  where  the  characteristics  are  divergent,  namely  in 
expansion  waves,  6j  is  set  to  zero  in  the  expansion  waves  where  the  following  inequality 
holds: 

m^.+  i    -    m^._, 


^;+i    ~    ^J-\ 


signiuj]     >    0  (3.60) 


The  density  and  energy  profiles  obtained  using  method  I  to  treat  the  source  terms  are 
shown  in  Fig.  3.6.  For  the  same  values  of  8  the  oscillations  in  the  profiles  are  substantially 
reduced  compared  to  the  previous  case  (Fig.  3.5)  where  no  special  treatment  is  given  to  the 
source  terms.  As  the  amount  of  dissipation  is  increased,  by  increasing  the  value  of  (5  to  0.6, 
the  oscillations  are  eliminated.  It  should  be  noted  that  the  oscillation-free  density  profile  for 
(5=0.6  is  only  slightly  smeared  compared  to  that  obtained  using  the  simultaneous  approach, 
as  seen  in  Fig.  3.6(c),  whereas  for  the  previous  case  in  which  no  special  treatment  is  extended 
to  the  source  terms,  a  higher  value  of  6,  namely  (5=0.8,  has  to  be  used  to  completely  eUminate 
oscillations  leading  to  a  more  smeared  profile  (Fig.  3.5(d)).  The  density  and  energy  profiles 
obtained  using  methods  II  and  III  to  treat  the  source  terms  are  shown  in  Figs.  3.7  and  3.8, 
respectively.  Method  II  does  not  perform  as  well  as  method  I.  For  method  II,  the  density  and 
energy  profiles  exhibit  some  spurious  oscillation  near  the  shock  and  relatively  more 
smearing  in  the  contact  discontinuity  region  for  6  up  to  0.6,  as  seen  in  Fig.  3.7,  whereas  for 
method  I,  a  relatively  satisfactory  solution  is  observed  for  (5=0.6.  As  seen  from  Figs.  3.6  and 
3.8,  method  III  yields  results  very  similar  to  those  obtained  by  method  I.  Fig.  3.9  summarizes 
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Approach 


Approach  B 


Approach  C 
Method  I 


Approach  C 
Method  II 


Approach  C 
Method  III 


Exact  solution 

o        TVD  scheme  with  simultaneous  approach  (6  =  0) 
TVD  scheme  with  sequential  approach 


6  =  0.0 


»™^-; 


6  =  0.2 


^f.: 


— >,^° 


6  =  0.6 


6  =  0.8 


MK^SS^-' 


Approach  B  :  Coordinated  characteristics;  no  special  source  term  treatment 

Approach  C :  Coordinated  characteristics  with  special  source  term  treatment- 

♦  Method  I     :  MacCormack's  explicit  predictor-corrector  method 

♦  Method  II   :  MacCormack's  semi-impHcit  predictor-corrector  method 

♦  Method  III  :  Strang's  time-splitting  method 


Fig.  3.9.  Summary  of  energy  profiles  near  the  shock  for  the  shock  tube  problem  using  the 
sequential  solution  approaches  B  and  C;  X=  0.01,  t  =  2.0. 
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the  performance  of  approaches  B  and  C  by  tabulating  energy  profiles  in  the  vicinity  of  the 
shock  and  the  contact  discontinuity. 

3.3.3.  Effect  of  Numerical  Dissipation  on  the  Shock  Tube  Problem 

Taking  advantage  of  the  fact  that  the  treatment  of  the  source  terms  in  a  special 
manner,  as  described  above,  substantially  increases  the  accuracy  of  the  scheme,  we  next 
present  some  numerical  experiments  with  selective  dissipation  within  the  framework  of  a 
method  to  treat  the  source  terms  in  a  special  manner,  e.g.,  method  I  discussed  above,  both  in 
the  context  of  time  and  space  variables.  First,  since  the  magnitude  of  (5  is  an  indicator  of  the 
amount  of  dissipation  in  the  scheme,  we  use  different  values  of  5  in  different  regions  along 
the  shock  tube,  namely,  higher  values  of  8  in  the  regions  in  which  oscillations  occur  (e.g.,  in 
the  vicinity  of  the  expansion  fan  and  the  shock  wave)  and  lower  d  in  the  rest  of  the  domain  to 
minimize  smearing  of  the  profile.  This  serves  to  suppress  the  oscillations  by  increasing  the 
dissipation  in  the  regions  in  which  they  occur  while  giving  high  resolution  in  the  profile  by 
minimizing  the  dissipation  in  the  rest  of  the  field.  Density  profiles  using  four  such 
experiments  are  shown  in  Fig.  3.10.  The  length  of  the  shock  tube  in  the  present  case  is  14 
units.  The  initial  location  of  the  diaphragm  before  it  is  broken  is  atx=7.0.  After  time  t=2.0  the 
expansion  fan  spans  the  region  x=  1.5  tox=4.5,  and  the  Shockwave  spans  x=l  1.7  to  x=12.2, 
approximately.  With  the  method  I,  one  observes  the  oscillations  mainly  in  the  region  x=3.8  to 
x=4. 5  and  x=  11 .4  to  x=  11 . 8 ,  respectively.  The  values  of  d  used  in  various  regions  in  the  four 
cases  shown  in  Fig.  3.10  have  been  summarized  in  Table  3.2.  We  see  that  results  of  accuracy 
comparable  to  those  obtained  from  the  simultaneous  approach  can  be  obtained  in  this 
manner,  as  seen  in  Fig.  3.10(d),  where  higher  d  is  used  for  the  entire  development  of  the 
expansion  fan  region  and  the  final  location  of  the  shock.  Such  experiments,  obviously  are  ad 
hoc  in  the  sense  that  they  demand  knowledge  of  the  location  of  the  discontinuities  as  well  as 
the  resulting  oscillations  a  priori,  which  means  that  we  first  need  to  obtain  results  exhibiting 
oscillations  before  we  can  selectively  increase  6  along  the  domain  to  obtain  the  final  solution. 
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Table  3.2.  Values  of  6  for  four  cases  shown  in  Fig.  3. 10  using  the  sequential  approach  C  with 

method  I  to  treat  the  source  terms. 


Case 

Range  of  x 

Value  of  8 

I 

1.5-5.0 
rest  of  X 

0.6 
0.0 

n 

1.5-5.0 
11.4-12.0 
rest  of  X 

0.6 
0.6 
0.0 

III 

3.2^.8 
11.4  12.0 
rest  of  X 

0.6 
0.6 
0.0 

IV 

1.0-7.5 
11.4-12.0 
rest  of  X 

0.6 
0.6 
0.0 

Clearly,  an  automatic  selection  mechanism  is  required  to  select  the  appropriate  value  of  (5  for 
different  regions  in  the  flowfield  in  order  to  inject  just  the  right  amount  of  dissipation  at  all 
points  in  the  domain  such  that  the  oscillations  are  suppressed,  while  maintaining  high 
resolution  at  the  same  time.  Nevertheless,  these  results  (Fig.  3.10)  clearly  show  that  we  can 
achieve  the  desired  accuracy  using  the  sequential  approach  by  selectively  using  higher 
dissipation  in  the  required  regions  of  the  flowfield. 

The  second  set  of  numerical  experiments  involve  the  variation  of  6  with  time.  All  the 
profiles  are  plotted  at  time  t=2.0  which  takes  200  timesteps  to  be  reached,  with  the  step  size 
At=O.Ol.  Since  the  amount  of  dissipation  in  the  scheme  accumulates  with  time,  we  explore 
the  possibility  of  using  the  minimum  allowable  dissipation,  namely  d-0,  for  a  majority  of  the 
timesteps,  and  using  a  high  amount  of  dissipation,  say  (5=0.8,  for  the  remaining  timesteps 
leading  to  the  final  time  ^=2.0  at  which  the  solution  is  desired.  The  timestep  at  which  the 
value  of  (5  is  increased  from  0  to  0.8  is  labelled  as  the  switching  timestep.  Figure  3.11  shows 
the  density  profiles  for  various  switching  timesteps.  With  this  approach  the  solution  exhibits 
oscillations  at  the  intermediate  time  steps  for  which  6=0  is  used  (this  is  indeed  the  case  but 
has  not  been  shown  in  the  figure),  but  the  high  resolution  of  the  solution  profiles  is  not 
affected.  As  observed  from  Fig.  3. 1 1 ,  the  high  amount  of  dissipation  in  the  last  few  timesteps 
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is  sufficient  to  damp  out  the  oscillations,  provided  a  sufficient  number  of  timesteps  are 
allowed  to  accumulate  enough  dissipation,  while  not  deteriorating  the  resolution  of  the 
solution  profiles  by  a  large  extent. 

3.4.  Unsteady  Flow  in  a  Shock  Tube  with  Reflecting  Boundaries 

I  The  second  case  studied  is  the  unsteady  flow  of  a  polytropic  gas  (7=  1 .4)  in  a  closed 

j 

shock  tube.  The  case  investigated  here  is  the  same  as  that  studied  by  Wang  and  Widhopf 

I  (1989)  and  involves  the  reflections  of  the  various  waves  at  the  solid  ends  of  the  tube  and  their 

I  subsequent  interactions  with  each  other.  This  case  tests  the  efficacy  of  the  scheme  to  resolve 

I  the  complex  flowfield  resulting  from  the  interaction  of  the  various  waves.  The  initial 

I  conditions  of  the  gas  on  either  side  of  the  diaphragm  and  the  exact  values  of  flow  variables  at 

I  any  instant  after  the  diaphragm  is  broken  are  shown  in  Fig.  3.12.  After  the  diaphragm  is 

broken,  a  shock  wave  and  a  contact  discontinuity  propagate  towards  the  right  end  of  the  tube 

I  whereas  an  expansion  wave  propagates  towards  the  left.  The  shock  is  reflected  from  the  right 

f 

end  of  the  tube  at  (x,t)=(-4. 1 , 1 .823),  interacts  with  the  contact  surface  at  (3.238,2.529)  and  is 

transmitted  as  shown  in  the  figure.  The  contact  surface  is  reflected  at  the  point  of  interaction 

I  with  the  shock  and  moves  to  the  left  with  a  speed  0.4 1 1 ;  at  the  same  point  an  expansion  wave 

I  is  generated  and  propagates  to  the  right.  At  this  time,  the  original  expansion  wave  front  that  is 

I 

I  reflected  at  the  left  end  of  the  tube  is  located  to  the  left  of  x=  1 .889  and  it  can  be  shown  that  its 

f 

■  interaction  with  the  transmitted  shock  is  very  weak  (Wang  &  Widhopf  1989). 

I  The  conditions  of  reflection  of  the  pressure  wave,  no  heat  conduction  and  rigidity  at 

i 
f. 

I  the  ends  of  the  tube  specify  the  boundary  conditions,  namely 

^      Pi  =    Pi^      Pni  =    Pni-l  (3.61a) 


dp 

dx 

= 

0 

dT 
dx 

= 

0 

^bound 

0 

7^1   =    7^2  '       T.  =    T^._,  (3.61b) 


Mj  =  0  ,         u,y  =  0  (3.61c) 
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-4.1 


i  =  3.5277,     V=  0.445,    u  =  0 


1  =  0.571,      V=0.5,     u  =  0 


Fig.  3.12.  The  unsteady  shock  tube  problem:  initial  state  and  the  exact  solution  at  various 
time  levels  (Wang  &  Widhopf  1989). 
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where  the  subscripts  denote  the  grid  points  used  for  the  numerical  calculation,  1  specifying 
the  left  boundary  and  nj  the  right  boundary.  In  the  above,  first-order  extrapolation  is  used  for 
the  gradients  to  evaluate  the  pressure  and  temperature  at  the  boundaries.  The  density  values 
at  the  boundaries,  Qj  and  q^j,  are  estimated  using  the  equation  of  state  and  the  total  energy 
values,  E]  and  Enj,  are  computed  using  Tj  and  Tnj. 

The  results  are  presented  in  the  form  of  density  profiles  obtained  using  the 
simultaneous  and  the  sequential  solvers  at  times  t=0.95,  2.25  and  3.00.  The  time  instant 
t=0.95  corresponds  to  a  state  before  the  reflection  of  the  shock  wave  and  the  expansion  wave, 
time  t=2.25  to  a  state  after  the  reflections  from  the  boundaries  but  before  the  interaction 
among  the  waves  and  t=3.00  corresponds  to  the  state  after  the  interaction  among  the  various 
waves.  The  exact  solution  is  used  as  the  benchmark  as  shown  in  the  plots.  It  has  been  shown 
by  Wang  and  Widhopf  (1989)  that  a  first-order  monotonic  scheme  such  as  the  Godunov 
scheme  cannot  resolve  these  discontinuities. 

Fig.  3.13  shows  the  density  profiles  without  any  artificial  compression,  using  the 
total  number  of  grid  points  {nj),  equal  to  83,  i.e.,  Ax=0.l,  for  both  simultaneous  and 
sequential  solvers.  Although  the  reflected  and  the  transmitted  shock  waves,  and  the  contact 
surface  can  all  be  identified  by  the  numerical  scheme,  exhibiting  no  overshoots,  the  profiles 
are  quite  smeared  near  the  discontinuities  if  no  artificial  compression  is  used  -  more  so  for 
the  sequential  solver  because  a  value  of  (5=0.8  is  required  to  suppress  any  oscillations 
whereas  a  value  of  (5=0.2  is  sufficient  for  the  simultaneous  solver.  Both  the  artificial 
compression  methods  discussed  earher,  namely  ACMl  and  ACM2  (Eqs.  (3.24)-(3.27)), 
have  been  implemented;  ACM2  appears  to  perform  better  and  the  results  obtained  by  using  it 
will  be  presented.  Here  a  value  of  £=0.05  in  Eq.  (3.59)  is  used.  Fig.  3. 14  compares  the  effect 
of  ACM2  for  both  simultaneous  and  sequential  solvers  using  twice  the  spatial  resolution 
compared  to  the  previous  case,  namely,  n/=165.  Fig.  3.14(a)  shows  the  density  profiles 
without  using  artificial  compression,  exhibiting  the  profiles  that  are  less  smeared,  for  both 
the  simultaneous  and  thesequential  cases,  compared  to  the  profiles  obtained  on  the  coarser 
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Fig.  3.13.  Density  profiles  for  the  unsteady  shock  tube  problem  at  various  time  levels  for  nj=83, 
without  artificial  compression. 
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(a)  Without  artificial  compression.  (b)  With  artificial  compression  method  ACM2. 

Fig.  3.14.  Density  profiles  for  the  unsteady  shock  tube  problem  at  various  time  levels  for  nj=165. 
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grid  (Fig.  3.13).  The  resolution  of  the  solution  profiles  is  further  increased  when  we  apply 
artificial  compression  with  nj-165,  as  seen  in  Fig.  3.14(b)  which  shows  results  obtained 
using  ACM2.  Thus  refining  the  grid  coupled  with  an  application  of  artificial  compression 
yields  good  resolution  of  discontinuities  in  the  solution.  Overall,  for  the  present  test  problem, 
the  sequential  solver  yields  profiles  which  are  more  smeared  than  those  obtained  by  the 
simultaneous  solver  due  to  an  inherent  necessity  of  higher  dissipation,  compared  to  the 
simultaneous  solver,  to  suppress  spurious  oscillations. 

3.5.  The  Resonant  Pipe  Problem 

The  third  case  used  here  to  test  the  efficacy  of  TVD  schemes  within  a  sequential 
solution  framework  is  the  so-called  resonant  tube  problem.  The  system  consists  of  a 
one-dimensional  tube  closed  at  both  ends  and  filled  with  an  ideal  gas.  The  equations  that 
govern  the  flow  in  this  system  are  the  Euler  equations  of  gas  dynamics.  These  equations  are 
relevant  to  the  flow  in  a  uniform  cross-section  area  propulsive  duct  and  thus  this  problem 
serves  as  a  benchmark  for  studying  combustion  instabilities.  The  phenomenon  of  interest  is 
the  nonlinear  evolution  of  gas  dynamics  of  the  system  subject  to  an  initial  smooth  pressure 
wave  disturbance.  It  is  important  to  correctly  model  and  understand  such  nonlinear  acoustic 
phenomenon  since  any  initial  disturbance  in  the  system  may  interact  with  the  combustion 
processes  and  may  lead  to  instabilities.  The  resonant  tube  flow  problem  tests  whether  the 
shock  capturing  schemes  can  preserve  the  high-frequency  content  of  the  wave  forms,  be 
relatively  non-dispersive  and  non-dissipative  up  to  many  wave  cycles,  and  capture 
discontinuities  without  generating  any  overshoots. 

The  problem  involves  an  initially  smooth  sinusoidal  pressure  wave;  since  the  wave 
crests  have  the  sound  speed  larger  than  the  troughs,  a  shock  is  formed  after  some  time. 
Subsequently,  the  amplitude  of  the  shocked  N-wave  decays  due  to  a  loss  of  energy  by 
entropy  production  across  the  shock  and  eventually  the  N-wave  becomes  a  smooth  wave. 
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The  flow  parameters  and  the  initial  conditions  specified  in  the  tube  of  length  1  meter 
are  as  follows.  The  ratio  of  specific  heats  for  the  fluid  in  the  tube  is  y=  1.236  and  c^  =0.3727. 
The  mean  pressure  p^  and  temperature  %  are  40  atm.  and  2800  K,  respectively.  The  initial 
pressure  disturbance  in  the  stagnant  fluid  (m=0)  is  a  full  cosine  wave  with  an  amplitude  1 2po  ■ 
The  initial  density  and  energy  perturbations  are  calculated  using  isentropic  relations.  The 


time  is  non-dimensionalized  using  the  initial  sound  speed  Cq  =  JyPq/Qo  and  the  length  of 
the  tube.  The  boundary  conditions  are  the  same  as  described  by  Eqs.  (3.61a-c). 

The  simultaneous  and  the  various  sequential  solution  approaches  are  employed  to 
solve  the  resonant  tube  problem,  using  Marten's  second-order  TVD  scheme.  Fig.  3.15(a) 
shows  the  variation  of  pressure  at  the  boundary  with  time  using  the  simultaneous  solver 
without  any  artificial  compression,  employing  6=0  and/l=0.01  (which  corresponds  to  a  CFL 
number  of  about  0.2).  The  pressure  variation  at  the  boundary  using  6=0,  with  artificial 
compression,  is  plotted  in  Fig.  3. 15(b).  The  TVD  scheme  in  the  simultaneous  solver  captures 
the  N-wave  formation  quite  effectively,  exhibiting  no  overshoots  for  all  the  values  of  X 
corresponding  to  CFL  numbers  up  to  0.9.  Moreover,  a  small  amount  of  dissipation  ((5=0),  is 
sufficient  to  suppress  any  spurious  oscillation  in  the  solution  profile. 

Next  we  present  the  results  obtained  using  the  sequential  solution  approaches.  Unlike 
the  standard  shock  tube  case  discussed  in  Section  3.3,  for  this  problem,  results  obtained  with 
or  without  special  source  term  treatment  yield  qualitatively  similar  results.  The  plots  shown 
are  the  results  obtained  using  special  source  term  treatment  as  described  in  Eq.  (3.58).  The 
high  accuracy  convection  scheme  implemented  in  the  sequential  solver  is  able  to  capture  all 
the  features  of  the  solution  obtained  using  the  simultaneous  solver  but  the  sequential 
approach  is  effective  for  this  problem  up  to  smaller  CFL  numbers  and  necessitates  a  higher 
amount  of  dissipation.  The  solution  becomes  unstable  for  values  of  2  greater  than  0.01  (CFL 
numbers  greater  than  0.2)  irrespective  of  the  amount  of  dissipation  in  the  scheme.  This  can  be 
seen  in  Fig.  3. 16(a)  which  shows  instability  in  the  pressure  variation  at  the  boundary  as  time 
increases,  for  1=0.02  (which  corresponds  to  a  CFL  number    about  0.4)  and  6=1  (the  highest 
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(a)  Without  artificial  compression. 
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Non-dimensional  Time 
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(b)  With  artificial  compression  method  ACM2. 


Fig.  3.15.  The  resonant  pipe  problem:  pressure  variation  at  the  boundary  using  the  simultaneous 
solver. 
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amount  of  allowable  dissipation).  To  obtain  a  stable  solution,  we  have  to  assign  a  lower  CFL 
number,  about  0.2  (A=0.01).  But  with  this  value  of  A,  we  observe  spurious  wave  numbers  in 
the  solution  for  low  to  moderate  amount  of  dissipation,  i.e.,  for  d  up  to  0.5,  as  seen  in  Fig. 
3.16(b).  Using  (5=0.5,  we  see  spurious  oscillations  at  large  time  and  as  the  value  of  d  is 
decreased,  the  onset  of  these  oscillations  occurs  earlier  and  their  magnitudes  are  larger. 
Similar  observations  can  be  made  for  the  other  sequential  solution  approaches.  To  achieve  an 
oscillation-free  solution  that  satisfactorily  captures  the  evolution  of  the  nonlinear  gas 
dynamics  of  the  system,  we  have  to  employ  a  higher  amount  of  dissipation,  namely  6=0.8,  as 
seen  in  Fig.  3.16(c).  The  application  of  artificial  compression  using  Eq.  (3.26)  shows  little 
improvement  in  the  resolution  of  the  shocked  N-waves,  as  seen  in  Fig.  3. 16(d).  A  summary 
of  results  obtained  using  the  sequential  solver  is  given  in  Table  3.3.  It  appears  that  the 
sequential  solver  can  yield  a  solution  with  characteristics  similar  to  that  obtained  using  the 
simultaneous  solver;  however,  the  allowable  CFL  number  is  lower  than  that  for  the 
simultaneous  solver. 


X 

Corresponding 
CFL  number 

8=0.0 

6=0.5 

6=0.8 

0.005 

0.1 

Oscillations 

Accurate 

Accurate 

0.01 

0.2 

Oscillations 

Oscillations  at 
large  time 

Accurate 

0.02 

0.4 

Blows  up 

Oscillations 

Oscillations 

Table  3.3.  Summary  of  results  for  the  resonant  pipe  problem  using  the  sequential  solver. 
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3.6.  Concluding  Remarks 


The  high  resolution  shock  capturing  schemes  seem  to  be  amenable  for  application  in 
a  sequential  solution  algorithm  for  solving  Navier-Stokes  equations  but  care  must  be  taken 
when  defining  the  characteristic  speed  of  the  equations  to  be  solved  sequentially.  A  naive 
extension  of  the  TVD  schemes  for  scalar  conservation  laws  leads  to  a  definition  of  different 
characteristic  speeds  for  the  different  equations  in  the  system.  This  leads  to  nonphysical 
oscillations  away  from  the  discontinuities  in  the  solution  which  has  nothing  to  do  with 
dispersion  in  the  TVD  schemes  but  rather  with  nonphysical  specification  of  characteristic 
propagation  speeds.  In  our  context,  the  convection  speed  should  be  specified  as  the 
characteristic  speed  and  the  pressure  terms  should  be  treated  as  source  terms.  Proper 
handling  of  these  source  terms  is  required  to  maintain  the  accuracy  of  the  high  resolution 
schemes  and  thus  eliminate  oscillations  in  solution  profiles.  A  useful  approach  is  to 
selectively  increase  the  amount  of  dissipation  near  the  discontinuities  in  order  to  avoid  the 
oscillations  near  the  shock  and  to  avoid  smearing  of  the  overall  profile  at  the  same  time. 

As  seen  from  the  results  of  the  unsteady  shock  tube  problem  and  the  resonant  pipe 
problem,  the  TVD  type  convection  scheme  in  a  sequential  solution  framework  is  capable  of 
resolving  discontinuities  in  unsteady  flows  involving  complex  gas  dynamics.  Furthermore, 
it  is  established  that  the  numerical  damping  term  originally  designed  to  help  satisfy  the 
entropy  condition,  Eq.  (3.2),  plays  a  different  role  in  the  sequential  solver.  With  an  adequate 
source  term  treatment,  the  sequential  solver  produces  solutions  of  accuracy  comparable  to 
those  obtained  with  the  simultaneous  solver,  indicating  that  even  without  resorting  to  an 
explicit  flux  splitting  technique,  satisfactory  performance  can  be  obtained  from  a  sequential 
solver.  The  use  of  artificial  compression  techniques  can  further  improve  the  gradient 
resolution  capabilities  of  both  simultaneous  and  sequential  solvers.  An  automatic  switch, 
based  on  the  gradients  of  density,  is  used  to  identify  the  location  of  discontinuities  in  the 
flowfield  (where  artificial  compression  is  needed)  in  the  sequential  solver.  The  unsteady 
shock  tube  problem  results  illustrate  that  for  the  complex  flowfield  resulting  from  the 
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interaction  of  shock  waves,  contact  surfaces  and  expansion  waves  with  solid  boundaries  and 
with  each  other,  the  sequential  solver  smears  the  solution  profiles  somewhat  more  than  the 
simultaneous  solver.  The  results  of  the  resonant  pipe  problem  demonstrate  that  the 
sequential  solver  can  yield  a  solution  of  accuracy  comparable  to  that  obtained  using  a 
simultaneous  solver  exhibiting  good  resolution  of  the  shocked  N-waves  and  retaining  all  the 
essential  features  of  the  gas  dynamics  of  the  system,  though  the  maximum  allowable  CFL 
number  is  lower  than  that  for  the  simultaneous  solver. 


CHAPTER  IV 
TREATMENT  OF  SOURCE  TERMS:  A  LONGITUDINAL  COMBUSTION 

INSTABILITY  PROBLEM 


4.1.  Background 

The  previous  two  chapters  have  attempted  to  address  some  issues  related  to  the 
treatment  of  convection  terms.  For  many  flow  problems,  the  difficulty  encountered  by  the 
convection  scheme  is  further  compounded  by  the  presence  of  source  terms.  Special 
techniques  for  treating  source  terms  along  with  a  high-accuracy  convection  treatment  based 
on  Harten's  second-order  TVD  scheme,  within  the  framework  of  a  sequential  algorithm, 
have  been  discussed  in  Chapter  III.  The  source  terms  encountered  in  the  test  cases  studied  in 
Chapter  III  were  not  a  result  of  any  physical  mechanism  but  instead  arose  due  to  the  nature  of 
the  sequential  algorithm  which  treats  the  pressure  gradient  terms  as  source  terms.  It  would  be 
very  desirable  to  assess  the  performance  of  the  high  accuracy  source  term  treatment 
discussed  in  Chapter  III  in  conjunction  with  the  high  accuracy  convection  treatment  for  a 
coupled  system  of  equations  governing  an  unsteady  fluid  flow  with  strong  source  terms  due 
to  some  physical  process,  e.g.,  combustion.  In  the  present  chapter,  an  effort  is  made  to  do  so 
by  solving  a  one-dimensional  reacting  flow,  subject  to  a  thermo-acoustic  longitudinal 
combustion  instability,  which  has  heat  release  terms  as  the  dominant  source  terms. 

As  mentioned  in  Chapter  I,  the  intent  here  is  by  no  means  to  resolve  the  complex 
physics  associated  with  the  combustion  instability  phenomenon.  Instead  this  physical 
problem  is  used  here  to  illustrate  the  numerical  difficulties  that  stiff  source  terms  can  cause 
and  to  demonstrate  the  utility  of  special  source  term  treatments  within  the  framework  of  the 
high  accuracy  sequential  solver  developed  in  Chapter  III.  With  this  objective  in  mind,  only  a 
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brief  background  of  the  physics  associated  with  the  combustion  instabiUty  phenomenon  is 
presented  next. 

The  combustion  instability  phenomenon  has  been  studied  for  a  long  time  by  many 
researchers.  It  involves  pressure  oscillations  which  are  self-sustained,  in  the  absence  of  any 
external  forcing,  during  combustion  processes,  e.g.,  in  combustors  or  afterburners.  Rayleigh 
(1945)  advanced  a  criterion  for  sustenance  of  pressure  oscillations,  according  to  which  the 
oscillations  are  driven  if  they  are  in  phase  with  the  heat  release  oscillations.  It  is  generally 
known  that  the  main  mechanisms  of  combustion  instability  are  thermo-acoustic  and  vortical 
in  nature;  it  is  the  thermo-acoustic  aspect  that  is  being  focused  here. 

Shyy  et  al  (1992a)  and  Mittal  (1991)  have  developed  a  one-dimensional 
computational  model  to  simulate  the  phenomenon  of  longitudinal  combustion  instability 
involving  low  frequency,  large  amplitude  oscillations.  The  heat  release  model  they  have 
chosen  relates  the  heat  fluctuations  at  the  gutter  (flameholder)  location  to  the  velocity 
fluctuations  and  is  based  on  experimental  observations  of  Langhorne  (1985)  and  the  study  by 
Bloxidge  et  al.  (1985).  Though  this  one-dimensional  model  is  unable  to  capture  the  shear 
layer  instabiUty  and  vortex  formation,  which  are  essential  features  of  a  multidimensional 
combustion  instability,  it  provides  useful  insight  into  the  thermo-acoustic  phenomena 
associated  with  the  instabiUty.  Moreover,  this  model  is  simple  enough  not  to  require 
prohibitively  large  amount  of  computer  time. 

Another  issue  of  interest  in  the  present  study  is  the  investigation  of  an  active  control 
strategy,  in  order  to  attenuate  or  enhance  the  magnitudes  of  the  oscillations  associated  with 
the  combustion  instability,  depending  on  the  desired  application.  For  instance,  in  pulse 
combustor  applications,  it  is  desirable  to  maintain  these  oscillations  at  a  large  amplitude, 
without  any  external  excitation.  On  the  other  hand,  for  systems  like  ramjet  combustors  and 
jet  engine  afterburners,  the  oscillations  associated  with  combustion  instability  can 
deteriorate  the  engine  performance  and  may  even  cause  damage  to  the  mechanical  structure, 
and  hence  must  be  attenuated  as  much  as  possible.  As  is  well  known  (Chu  1964),  the  modes 
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of  feeding  energy  into  the  system  in  order  to  sustain  the  combustion  instability  involve  the 
pressure-mass  flux  coupling  and  the  pressure-heat  release  coupling.  An  active  control 
strategy  seeks  to  dynamically  adjust  either  the  pressure  field,  the  heat  addition  or  the  mass 
flux.  One  form  of  active  control  strives  to  affect  the  oscillations  in  the  system  by 
manipulating  the  heat  fluctuations  through  controlled  fuel  injection  (Shyy  &  Udaykumar 
1990,  Langhorne  et  al.  1990,  Wilson  et  al.  1991,  Menon  1991).  This  is  the  form  of  active 
control  employed  in  the  present  study,  as  will  be  described  later. 

The  numerical  studies  by  Shyy  &  Udaykumar  (1990)  and  Shyy  etal.  (1992a)  use  the 
first-order  upwind  scheme  with  the  aid  of  a  nonlinear  filtering  scheme  (Engquist  et  al.  1989)  j 

to  approximate  the  convection  terms  in  the  governing  equations.  Their  algorithm  does  not 
utilize  the  concept  of  flux  splitting  and  hence,  in  the  absence  of  numerical  oscillations,  is 
expected  to  yield  solutions  more  accurate  than  the  first-order  upwind  scheme  based  on  flux 
splitting.  Nevertheless,  the  solution  profiles  obtained  in  their  study  are  expected  to  be 
smeared  since  there  is  no  explicit  control  of  numerical  viscosity.  It  has  been  demonstrated  in 
Chapter  III  that  a  high  solution  accuracy  can  be  achieved  in  a  sequential  solution  approach, 
by  using  a  TVD  scheme  to  approximate  the  convection  terms.  This  technique  is  extended 
now  to  simulate  the  combustion  model  developed  by  Shyy  &  Udaykumar  (1990).  This 
problem  involves  source  terms,  due  to  the  chemical  heat  release,  which  have  a  substantial 
magnitude.  In  Chapter  III,  the  issue  of  source  terms  is  mainly  caused  by  the  formulation  of 
the  sequential  solution  technique.  In  the  present  chapter,  an  extra  heat  transport  equation  is 
incorporated  into  the  system  to  model  the  heat  release;  it  not  only  gives  one  more  equation  to 
solve  but  also  supplies  a  significant  source  term  to  the  energy  equation,  which  is  the 
dominant  source  term  in  the  system.  It  is  seen  that  a  special  source  term  treatment 
accompanied  by  a  low  level  of  dissipation  in  the  scheme  yields  high  solution  accuracy, 
exhibiting  substantially  higher  magnitudes  in  the  profiles  compared  with  the  studies  by  Shyy 
&  Udaykumar  (1990)  and  Shyy  et  al.  (1992a). 
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4.2.  Basic  Equations  for  the  Combustion  Instability  Problem 


In  the  following,  the  basic  governing  equations  and  the  equations  used  to  model  the 
heat  release  terms  are  presented.  The  equations  governing  the  system  are  the  continuity, 
momentum  and  energy  equations,  respectively: 
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where  u,  g,  m(=gu),  E,  p  and  Q  are,  respectively,  the  non-dimensional  velocity,  density, 
momentum,  total  energy,  pressure  and  heat  release.  These  quantities  are 
non-dimensionalized  using  inlet  velocity,  density  (1.22  kg/m^)  and  temperature  (288K). 
Re 00  and  Proo  are  the  Reynolds  and  Prandtl  numbers,  respectively,  based  on  the  above 
reference  values. 

The  heat  release  profile  in  the  combustor  of  length  L  with  the  gutter  location  Xg,  is 
specified  as 

Q     =    qav    +    q  (4.3) 

where  qav  is  the  mean  heat  release  specified  as  a  linear  function  with  respect  to  the  distance 
from  the  gutter  location  (Shyy  &  Udaykumar  1990,  Langhorne  1985,  Bloxidge  et  al.  1985): 
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<lav(x) 


0  X    <    Xg 


CJx-  Xa)  Xg  <  X  <  L  ("^-4) 


and  q  '  is  the  unsteady  heat  release  specified  as 

q\x,t)  =  q''(x,t).qav{x)  (4.5) 

where  q  *(x,  t)  is  the  perturbation  coefficient  for  the  unsteady  heat  release  and  according  to  the 
empirical  observations  of  Langhorne  (1985),  it  is  related  to  the  fluctuating  velocity  at  the 
gutter  by  a  phase  factor  tc  corresponding  to  the  combustion  time  delay,  as  follows: 

q  (Xg,t)  =  C2-U  (Xg,  t  —  tc)  (4.6) 

Downstream  of  the  gutter,  the  unsteady  heat  release  is  assumed  to  be  transported  by  local 
convection;  thus  we  can  write: 

q^    +    u{x,t)ql     =    0  (4.7) 

The  inlet  boundary  condition  is  the  pressure  reflection  condition: 

{p^)^    =0,  Ml    -    1,  Qy    =    I  (4.8) 

where  the  subscript  1  represents  the  grid  point  on  the  inlet  boundary;  the  exit  pressure  is  taken 
to  be  the  same  as  the  ambient  pressure  and  the  other  variables  are  calculated  by  a  linear 
extrapolation  of  the  interior  values,  as  follows: 

Pn  =  P^     ,  W«   =   2m„_i    -    M„_2     ,  Qn   =  ^Qn-\    ~   Qn-2  (4.9) 

Here  the  subscript  n  represents  the  grid  point  on  the  exit  boundary. 

4.3.  Numerical  Scheme  and  the  Treatment  of  Source  Terms 

The  TVD  type  sequential  solver  developed  in  Section  3.3.2  of  Chapter  III  is 
employed  to  solve  the  governing  equations.  As  discussed  in  Chapter  IE,  when  the  source 
terms  become  too  stiff  they  may  cause  numerical  instabilities  and  lead  to  spurious 
oscillations  in  the  numerical  solution.  This  can  be  rectified  by  treating  the  source  terms  in  a 
special  manner,  e.g.,  by  employing  MacCormack's  predictor-corrector  method  or  Strang's 
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time-splitting  method  which  have  been  discussed  in  Section  3.3.2.  In  the  present  combustion 
instability  problem,  the  source  terms  corresponding  to  the  momentum  equation  are 
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and  those  corresponding  to  the  energy  equation  are 
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For  the  present  case,  we  employ  Strang's  time-splitting  method,  described  by  Eqs. 
(3.58a-c)  in  Chapter  III,  to  treat  the  source  terms  which  include  the  heat  release  terms.  ip  ' 
denotes  the  first  derivative  of  the  source  terms  xp,  in  equations  (4. 10)  and  (4. 11),  with  respect 
to  the  independent  variable  w.  For  the  momentum  equation,  we  have 
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and  for  the  energy  equation,  we  have 
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The  last  two  source  terms  in  the  energy  equation  (4.  Ic)  do  not  contribute  to  xp  '  since  they  are 
independent  of  E. 

4.4.  Application  of  Active  Control 

As  mentioned  earlier,  the  form  of  feedback  type  of  active  control  being  investigated 
here  seeks  to  affect  the  oscillations  associated  with  the  combustion  instability  by  adjusting 
the  fuel  injection,  i.e.,  the  inlet  mass  flux.  The  numerical  implementation  of  this  strategy 
involves  the  adjustment  of  the  inlet  velocity  as  shown  below: 

"«to(0  =   1  +  u(f)  (4.14) 


where  the  magnitude  of  the  initially  specified  constant  inlet  velocity  is  1.  Here  u  is  the 
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additional  velocity  needed  to  affect  active  control  and  is  computed  from  a  phase-shifted, 
amplified  pressure  signal  sensed  at  the  gutter,  as  follows 

'p,{t  -  tf)  -  Pr 


u(t)  =  G 


Pr 


(4.15) 


where 

G  =  gain  of  feedback 

Ps  =  sensed  pressure  signal  at  the  gutter 

Pr  =  reference  pressure 

tf  =  time-lag  in  feedback. 

In  the  above,  the  reference  pressure,  P^,  is  taken  to  be  the  time-averaged  pressure  at 

the  gutter  location  and  is  continually  updated  after  each  cycle.  The  range  of  variation  oftf  is  0 

to  tp  where  tp  is  the  time  period  of  the  dominant  frequency  of  the  oscillations  before  the 

application  of  active  control,  and  accordingly  a  phase  lag  in  the  feedback  can  be  defined  as 


0,  =  2^^^j  (4.16) 


4.5.  Results 


The  values  of  the  various  parameters  used  in  the  system  are:  L=1.0,  Xg=0.5, 
Mcx==0.38,  Re 00=10"^,  Proc^O.l,  Cj=350,  and  C2=l.  Atotal  of  401  grid  points  are  used  with 
A=0.03. 

4.5.1.  Simulation  of  Combustion  Instability 

The  simulation  is  initiated  by  specifying  uniform  conditions  along  the  entire  length 
of  the  combustor  and  a  linear  average  heat  release  profile.  When  the  system  has  reached  a 
steady  state,  the  linear  heat  release  profile  is  perturbed  for  a  few  timesteps.  At  the  same 
instant  the  gutter  velocity-heat  release  coupling  is  also  initiated.  The  computations  are  then 
carried  on  for  2x10^  timesteps.  For  the  last  10^  timesteps  of  the  computation,  mode  shapes  of 
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pressure  with  respect  to  the  steady  state  pressure,  temperature  and  total  heat  release  are 
plotted  after  every  300  timesteps,  for  a  total  often  mode  shapes.  Also  plotted  are  the  pressure 
fluctuations  at  the  gutter  for  the  last  5x10^  timesteps  as  well  as  the  Fourier  spectra  of  the 
pressure  oscillations  showing  the  fundamental  frequency  and  its  harmonics.  The  various 
plots  in  Figs.  4.1-4.4  compare  and  contrast  the  performance  of  the  first-order  upwind 
scheme  used  in  the  studies  by  Shyy  &  Udaykumar  (1990),  Shyy  et  al.  (1992a)  and  Mittal 
(1991)  and  the  TVD  type  sequential  solver  described  in  Chapter  III,  with  and  without  source 
term  treatment  and  using  different  values  of  d.  Fig.  4.1  shows  the  plots  obtained  by  the 
first-order  upwind  scheme  and  Fig.  4.2  shows  those  obtained  using  the  TVD  type  sequential 
solver  with  no  special  source  term  treatment  and  using  (5=0,  which  corresponds  to  the  least 
amount  of  dissipation  in  the  scheme.  The  pressure  mode  shapes  and  the  temperature  mode 
shapes  at  ten  different  time  instants,  shown  in  plots  (a)  and  (b),  respectively,  of  Figs.  4. 1  and 
4.2,  clearly  show  the  travelling  wave  pattern  of  the  flow  variables;  the  entropy  waves  are 
propagated  at  speeds  of  the  range  of  local  convection  speeds,  which  are  much  less  than  the 
acoustic  speeds  of  propagation  of  the  pressure  waves.  The  time  series  of  the  pressure 
oscillations  at  the  gutter  and  the  Fourier  spectra  of  the  pressure  oscillations  clearly  indicate 
the  presence  of  the  dominant  frequency  and  its  harmonics.  The  first-order  upwind  scheme, 
being  very  diffusive,  smears  out  the  solution  profiles  as  seen  by  a  comparison  of  the 
magnitudes  of  the  mode  shapes,  the  pressure  oscillations  and  the  fundamental  frequency  and 
its  harmonics,  shown  in  Figs.  4. 1  and  4.2.  However,  the  various  frequencies  of  the  harmonics 
predicted  by  both  the  schemes  are  very  close,  confirming  the  viewpoint  taken  in  the  previous 
studies  (Shyy  &  Udaykumar  1990,  Shyy  et  al.  1992a)  that  while  a  diffusive  scheme  has  a 
substantial  impact  on  the  magnitudes  of  the  oscillations,  its  effect  on  the  predicted 
frequencies  is  small.  Furthermore,  although  the  present  TVD  type  sequential  solver  yields 
solution  profiles  with  much  better  resolution,  it  exhibits  some  high  frequency  oscillations  as 
can  be  observed  along  the  last  quarter  length  of  the  combustor,  in  some  of  the  mode  shapes, 
namely  mode  shapes  numbered  5,  6  and  7  for  both  pressure  and  temperature.  It  is  noted  that 
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in  Fig.  4.2(c),  the  heat  release  at  the  time  instants  corresponding  to  the  curves  5, 6  and  7  are  of 
the  highest  levels.  Based  on  this  observation  and  the  results  to  be  presented  in  the  following, 
it  is  concluded  that  these  oscillations  are  spurious  (nonphysical  or  numerical)  in  nature  and 
are  due  to  a  lack  of  dissipation  in  the  numerical  scheme  accompanied  by  stiffness  of  the 
source  terms  in  the  governing  equations. 

Results  presented  in  Fig.  4.3  using  no  source  term  treatment  in  the  TVD  type  scheme 
and  (5=0.8,  which  corresponds  to  a  higher  level  of  dissipation  in  the  scheme,  do  not  exhibit 
oscillations  in  any  of  the  mode  shapes  of  pressure  and  temperature,  indicating  that  the  high 
frequency  oscillations  seen  in  Fig.  4.2  are  indeed  spurious  in  nature  and  are  a  manifestation 
of  the  low  level  of  numerical  dissipation  in  the  scheme.  However,  the  suppression  of  the 
spurious  oscillations  in  Fig.  4.3  is  at  the  cost  of  a  slight  smearing  in  the  solution  profiles 
which  is  reflected  in  the  lower  magnitudes  of  the  solution  profiles,  e.g.,  the  pressure  and 
temperature  mode  shapes  and  the  pressure  fluctuations  at  the  gutter  (the  solution  profiles  are 
qualitatively  the  same  as  in  Fig.  4.2).  Ideally,  it  is  desirable  to  eliminate  spurious  oscillations 
in  the  solution  while  maintaining  a  high  resolution  of  the  profiles  by  employing  a  low  level  of 
dissipation.  Special  source  term  treatment  is  a  means  to  do  just  that.  As  seen  in  Fig.  4.4, 
special  source  term  treatment,  with  (5=0,  which  is  the  lowest  amount  of  damping  in  the 
numerical  scheme,  eliminates  the  spurious  oscillations  while  maintaining  the  same 
magnitude  of  the  fluctuations  as  observed  in  Fig.  4.2. 

It  must  be  noted  that,  although  the  four  cases  shown  in  Figs.  4.1-4.4  yield 
qualitatively  similar  results,  the  phase  of  the  fluctuations  is  not  identical  among  them,  as  is 
evident  from  the  time  series  of  the  pressure  fluctuations  and  the  sequencing  of  the  mode 
shapes.  But  this  difference  in  phase  is  not  very  substantial  and  it  can  be  seen  from  the 
frequency  spectra  in  plots  (e)  and  tables  (f)  in  Figs.  4. 1^.4  that  the  value  of  the  fundamental 
frequency  remains  unchanged  for  all  the  three  cases  using  the  TVD  scheme  though  it  is 
slightly  different  from  that  obtained  using  the  first-order  upwind  scheme.  The  harmonics  of 
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Fig.  4.1.  Longitudinal  combustion  instability:  Results  obtained  using  the  fu-st-order  upwind 
scheme. 
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Fig.  4.2.  Longitudinal  combustion  instability:  Results  obtained  using  the  TVD  type  sequential 
solver  with  no  source  term  treatment  and  8=0. 
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Fig.  4.3.  Longitudinal  combustion  instability:  Results  obtained  using  the  TVD  type  sequential 
solver  with  no  source  term  treatment  and  6  =0.8. 
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Fig.  4.4.  Longitudinal  combustion  instability:  Results  obtained  using  the  TVD  type  sequential 
solver  with  special  source  term  treatment  (Strang's  time-splitting  method)  and  6  =  0. 
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the  fundamental  frequency  for  all  the  cases  are  slightly  different,  though  very  close  to  each 
other. 

According  to  the  generalized  Rayleigh  criterion,  the  only  modes  of  feeding  energy  to 
sustain  the  instability  are  the  pressure-mass  flux  and  pressure-heat  release  couplings  (in  the 
absence  of  body  forces).  As  already  pointed  out,  spurious  oscillations  observed  in  Fig.  4.2 
occur  primarily  in  modes  numbered  5, 6  and  7  of  the  pressure  and  temperature  mode  shapes. 
These  mode  numbers  correspond  to  the  modes  of  maximum  heat  release,  shown  in  Fig. 
4.2(c).  The  heat  release  is  the  dominant  driving  source  term  in  the  system  and  it  seems  that  for 
modes  numbered  5,  6  and  7  in  Fig.  4.2,  the  heat  release  source  term  assumes  a  magnitude 
large  enough  to  cause  spurious  oscillations  in  the  pressure  and  temperature  mode  shapes. 
Thus,  special  source  term  treatment  which  is  effective  only  in  the  presence  of  sufficiently 
strong  source  terms  seems  to  be  necessary  in  order  to  suppress  the  spurious  oscillations  in 
these  mode  shapes,  which  are  modes  numbered  3, 4  and  5  in  Fig.  4.4  in  contrast  to  modes  5, 6 
and  7  in  Fig.  4.2  due  to  the  slight  phase  difference  among  the  various  cases  mentioned  before. 
The  above  observation  is  reinforced  from  the  plots  of  pressure  and  heat  release  fluctuations, 
shown  in  Fig.  4.5,  at  a  location  very  near  the  exit,  namely  x=0.9375.  This  location  is  chosen 
due  to  the  observation  that  in  Fig.  4.2,  the  spurious  oscillations  in  the  mode  shapes  occur  in  a 
region  near  the  right  boundary  of  the  combustor.  Thus,  a  location  near  the  exit  is  more  likely 
to  exhibit  spurious  oscillations  in  the  pressure-time  history  plots,  compared  to  the  gutter 
location.  For  6=0,  a  lack  of  special  source  term  treatment  leads  to  spurious  oscillations  in  the 
pressure  fluctuations,  as  seen  in  Fig.  4.5(a),  the  occurrences  of  which  correspond  to  the 
occurrences  of  maxima  in  the  heat  release  profile  which  are  also  shown  in  Fig.  4.5(a).  The 
application  of  special  source  term  treatment  for  6=0  leads  to  an  elimination  of  these  spurious 
oscillations,  as  seen  from  Fig.  4.5(b).  It  should  be  noted  that  the  phase  relationships  between 
the  pressure  fluctuations  and  the  heat  release  fluctuations  are  virtually  the  same  for  the  two 
cases with  and  without  source  term  treatment shown  in  Fig.  4.5  and  hence  the 
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Fig.  4.5.  Pressure  and  heat  release  oscniations  at  x=0.9375,  for  the  last  5x1(1*  time  steps,  using 
the  TVD  type  sequential  solver;  8=0. 
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suppression  of  the  spurious  oscillations  is  due  entirely  to  the  special  numerical  source  term 
treatment,  and  not  due  to  a  physical  phase  shift  between  the  pressure  and  heat  fluctuations. 

4.5.2.  Active  Control  of  Combustion  Instabihty 

As  mentioned  earlier,  active  control  is  turned  on  after  the  oscillations  associated  with 
the  combustion  instability  have  attained  a  limiting  state,  i.e.,  after  2x10^  timesteps.  The 
dominant  frequency  of  the  system  is  calculated  which,  for  the  case  of  source  term  treatment 
with  6=0,  shown  in  Fig.  4.4,  is  175.9  Hz.  Active  control  is  put  into  effect  by  employing  Eqs. 
(4.14)  and  (4.15)  where  Xf,  the  time-lag  in  feedback  varies  from  0  to  tp,  the  time  period 
associated  with  the  above  mentioned  dominant  frequency.  The  phase-lag  (pf,  defined  in  Eq. 
(4. 1 6)  accordingly  varies  from  0  to  23T.  The  computation  is  carried  on  for  an  additional  5x  1 0"^ 
timesteps  beyond  the  limiting  state  achieved  before  the  application  of  active  control,  for  ten 
values  of  <pf,  which  are  equally  spaced  between  0  to  2n.  For  each  of  the  ten  values  of  0y,  the 
mean  pressure  and  the  peak-to-peak  pressure  amplitude  are  calculated  and  compared  with 
the  values  obtained  before  the  control  is  applied,  as  a  means  to  assess  the  effectiveness  of 
active  control.  These  results  are  presented  in  Table  4. 1 .  Also,  Fig.  4.6  shows  the  variation  of 
the  normalized  peak-to-peak  pressure  variation  with  the  ten  phase  values  used.  The 
amplitudes  have  been  normalized  with  respect  to  the  peak-to-peak  pressure  amplitude 
observed  without  the  application  of  control.  It  can  be  observed  that  there  are  preferred  values 
of  (pf,  for  which  the  oscillations  are  attenuated,  namely,  values  of  0/  between  O.Srt  and  1.4jt. 
The  maximum  attenuation  occurs  for  0y=1.2jt,  namely,  44%  reduction  in  the  peak-to-peak 
pressure  variation  compared  to  the  original  pressure  variation.  In  order  to  qualitatively 
compare  the  effect  of  active  control,  Fig.  4.7  presents  the  time  history  of  pressure  variation  as 
well  as  selected  mode  shapes  for  the  cases  of  (a)  no  active  control,  (b)  active  control  with 
(pf=Ti  and  (c)  active  control  with  (pf=\.6n.  For  all  the  cases  shown  in  Figs.  4.6  and  4.7,  the 
value  of  G,  the  gain  of  the  feedback,  is  1 .  It  is  observed  that  the  oscillations  are  attenuated  for 
(pf=n  and  enhanced  for  0^1.  6jt.  Moreover,  the  relative  magnitudes  of  the  originally 
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Fig.  4.6.  Normalized  peak-to-peak  pressure  variation  with  phase  lag  <p 


Number 

Phase  lag 

Mean  Pressure 

Peak  to  Peak 

%  Reduction 

Before 
Control 

7.9378 

0.21102 

1 

0 

8.0748 

0.23185 

-9.86 

2 

0.271 

7.9958 

0.24278 

-15.05 

3 

0.47t 

7.9533 

0.22038 

-4.33 

4 

O.61T 

7.9654 

0.24896 

-17.97 

5 

0.871 

7.9066 

0.18492 

12.36 

6 

I.Ot: 

7.8440 

0.15225 

27.85 

7 

1.27T: 

7.7916 

0.11814 

44.01 

8 

1.471 

7.7837 

0.14872 

29.52 

9 

1.671: 

7.8951 

0.38406 

-81.9 

10 

1.871 

8.0395 

0.25166 

-19.25 

Table  4.1.  Values  of  mean  pressure,  peak-to-peak  pressure  amplitude  and  the  percentage  reduction 
in  the  peak-to-peak  amplitudes  with  respect  to  that  before  application  of  active  control, 
for  ten  values  of  phase  lag  (p 
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(c)  Active  Control  with  <p{  =  1.6k  (Phase  Number  9)   ^ 
Fig.  4.7.  Pressure  fluctuations  and  mode  shapes  for  three  selected  cases  of  active  control. 
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dominant  frequency  and  its  first  harmonic  are  different  for  the  two  cases.  For  the  other  values 
of  <pf,  not  plotted  here,  similar  observations  can  be  made,  with  higher  harmonics  appearing  in 
some  cases.  Thus,  the  application  of  active  control  changes  not  only  the  mean  pressure  level 
and  the  peak-to-peak  pressure  amplitude  but  also  the  qualitative  nature  of  the  oscillations. 

The  case  of  active  control  with  (j)f=\.2Ti,  which  shows  the  maximum  attenuation  for 
G=l,  is  further  computed  for  5x10^  timesteps,  in  order  to  approach  a  limiting  state  of  the 
oscillations,  and  the  results  are  plotted  in  Fig.  4.8(b).  It  can  be  seen  that  the  oscillations  are 
further  attenuated  as  time  elapses,  beyond  the  attenuation  achieved  for  the  5x10^  timesteps 
employed  initially.  The  peak  to  peak  pressure  amplitude  is  now  0.0935,  which  shows  that 
using  active  control  with  this  particular  value  of  0y,  one  can  achieve  a  55%  reduction  in  the 
peak-to-peak  variation  of  pressure,  compared  to  the  original  peak-to-peak  pressure 
variation  associated  with  the  combustion  instability  without  any  active  control. 

Next,  we  investigate  the  effect  of  variation  of  G,  the  gain  of  the  feedback  pressure 
signal  employed  to  achieve  active  control.  Fig.  4.8(a)  shows  the  results  obtained  for  0p  1 .2jt 
but  with  G=0.5.  The  peak-to-peak  pressure  variation  achieved  for  this  case  is  0. 1 37 1  which 
amounts  to  only  a  35%  reduction  compared  to  the  55%  reduction  obtained  for  G=l  case  for 
the  same  value  of  (j)f.  For  all  values  of  G  between  0  and  1,  the  maximum  attenuation  is 
achieved  for  G=l.  For  G=2,  however,  we  achieve  further  attenuation  of  the  peak  to  peak 
pressure  amplitude  for  <pj=\.2n  (phase  number  7),  as  shown  in  Fig.  4.9(a).  But,  even  with 
special  source  term  treatment  along  with  (5=0,  we  observe  numerical  oscillations  in  the 
solution  profiles;  a  higher  value  of  (5,  namely  d=\,  is  required  to  suppress  these  oscillations, 
as  seen  in  Fig.  4.9(b).  The  peak-to-peak  pressure  magnitude  observed  in  this  case  is  0.0766 
which  amounts  to  a  63%  reduction  in  the  original  magnitude  of  the  pressure  oscillations. 
However,  the  variation  of  pressure  is  qualitatively  very  different  from  the  case  of  G=l,  as 
evident  from  a  comparison  of  Figs.  4.8(b)  and  4.9(b).  For  the  G=2  case,  we  observe  more 
subharmonics  in  the  oscillations,  compared  to  the  G=l  case,  resembling  chaotic  behavior  in 
the  system. 
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(b)  G=1.0 


Fig.  4.8.  Pressure  fluctuations  and  mode  shapes  for  active  control  with  <^  =  1.2  n 
(phase  number  7),  for  G=l  and  0.5;  6=0. 
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Fig.  4.9.  Pressure  fluctuations  and  mode  shapes  for  active  control  with  ())  =  1 .2  ic 
(phase  number  7),  for  G=2  and  two  values  of  8 . 
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4.6.  Concluding  Remarks 

The  sequential  solver  employed  here,  which  uses  a  scheme  in  the  spirit  of  the  total 
variation  diminishing  concept  to  approximate  the  governing  equations  for  the  combustion 
instability  phenomenon,  with  characteristic  speeds  that  are  coordinated  by  assigning  them  as 
the  local  convection  speeds,  yields  a  substantial  improvement  in  the  accuracy  of  the  solution 
profiles  compared  with  the  first-order  upwind  scheme  used  by  Mittal  (1991)  and  Shyy  et  al. 
(1992a)  in  earlier  studies.  When  no  special  treatment  is  imparted  to  the  source  terms  in  the 
governing  equations  and  a  low  level  of  dissipation  is  employed  (in  the  form  of  (5=0  here), 
spurious  oscillations  appear  in  the  solution  profiles  when  the  source  term,  which  is 
predominantly  the  heat  release  term  in  the  present  study,  becomes  too  stiff.  These 
oscillations  can  be  suppressed  by  using  a  higher  level  of  dissipation  in  the  scheme  ((5=0.8  in 
the  present  case).  But  this  also  leads  to  an  overall  degradation  of  the  solution  in  the  form  of 
dampened  magnitudes  of  the  oscillations  associated  with  the  combustion  instability.  A  more 
desirable  way  to  suppress  the  oscillations  is  to  treat  the  source  terms  in  a  special  manner,  for 
example,  by  employing  Strang's  operator  splitting  method;  this  allows  the  use  of  a  low  level 
of  dissipation  ((5=0)  in  the  scheme,  thus  avoiding  a  smearing  of  the  solution  profiles,  while 
eliminating  the  nonphysical  oscillations.  Overall,  it  is  concluded  that  a  high  accuracy 
TVD-based  sequential  solver  along  with  a  special  source  term  treatment  can  yield 
satisfactory  results  for  complex  physical  problems  that  possess  stiff  source  terms. 


CHAPTER  V 
A  CONTROLLED  VARIATION  SCHEME  FOR  MULTI-DIMENSIONAL 

RECIRCULATING  FLOWS 


5.1  Background 

So  far,  we  have  addressed  the  issues  of  convection  and  source  term  treatments  in 
quite  a  bit  of  detail.  Two  approaches  for  numerically  approximating  convection  terms  have 
been  described  in  previous  chapters,  namely, 

(a)  utilizing  various  geometric  shape  functions  to  estimate  the  fluxes  at  control 
volume  interfaces  leading  to  the  first-order  upwind,  central  difference, 
second-order  upwind  and  QUICK  schemes,  as  discussed  in  Chapter  II,  and 

(b)  introducing  an  appropriate  amount  of  nonlinear  dissipation  into  the  central 
difference  scheme,  which  is  the  essence  of  the  sequential  algorithm  based  on 
Harten's  TVD  scheme,  discussed  in  Chapter  III. 

The  former  approach  was  investigated  (in  Chapter  II)  within  the  framework  of  the 
multidimensional  pressure-based  sequential  algorithm.  The  latter  approach,  however,  has 
so  far  been  developed  (in  Chapters  III  and  IV)  only  for  one-dimensional  Euler  and 
Navier-Stokes  equations.  In  this  chapter,  we  attempt  to  explore  this  approach  for  application 
to  multi-dimensional  Navier-Stokes  equations,  within  the  context  of  the  sequential 
pressure-based  algorithm,  already  introduced  in  Chapter  II.  First,  some  issues,  related  to  the 
extension  of  schemes  based  on  the  TVD  concept  into  pressure-based  algorithms,  are 
outlined. 

It  has  been  shown  in  Chapter  III  that  one  can  formally  implement  the  original  TVD 
schemes  in  sequential  solvers  in  an  effective  manner  by  devising  an  appropriate  framework. 
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From  the  insight  gained  from  the  one-dimensional  cases,  it  has  been  established  that  in  order 
to  coordinate  the  speed  of  signal  propagation  for  the  system  of  equations  treated  sequentially, 
the  local  convection  speed  must  be  assigned  as  the  local  characteristic  speed  and  the  pressure 
gradient  terms  must  be  treated  as  source  terms.  The  extensions  of  a  TVD  type  scheme  in  a 
sequential  algorithm  can  perform  well  for  several  flow  problems  with  or  without  strong 
source  effects;  however,  the  role  of  some  key  parameters  previously  defined  in  the 
density-based  simultaneous  solvers  needs  to  be  re-evaluated. 

The  present  chapter  aims  to  extend  the  framework  developed  in  Chapter  III  to  a 
multi-dimensional  pressure-based  sequential  algorithm,  namely  the  well-known  SIMPLE 
algorithm  (Patankar  1980).  Compared  to  the  design  philosophy  for  convection  schemes 
employed  in  Chapter  II,  a  different  viewpoint  for  the  convection  schemes  is  now  adopted, 
namely,  that  of  a  nonlinear  artificial  dissipation  incorporated  into  a  central  differencing 
based  flux  estimation.  In  this  manner  a  scheme  based  on  the  notion  of  controlled  variation 
and  termed  as  the  controlled  variation  scheme  (CVS)  has  been  devised  and  implemented  in 
the  context  of  a  sequential  solution  technique.  Though  the  TVD  property  itself  cannot  be 
expected  to  hold  in  the  framework  of  a  sequential  solver,  one  can  nevertheless  use  the 
concept  of  nonlinear  dissipation  embodied  in  the  TVD  schemes  to  regulate  the  amount  of 
numerical  diffusion  in  a  basic  scheme  such  as  the  central  difference  scheme,  which  though 
being  second-order  accurate,  yields  spurious  oscillations  in  convection  dominated  flows 
and  near  sharp  gradients.  One  can  interpret  the  CVS  as  a  scheme  that  uses  the  central 
difference  scheme  for  the  convection  terms  as  a  base  and  augments  the  physical  diffusion 
with  an  appropriate  nonlinear  numerical  dissipation  in  order  to  suppress  the  dispersive  effect 
of  the  central  difference  scheme. 

The  goal  here  is  to  develop  and  assess  the  performance  of  the  concept  of  CVS  for 
recirculating  flows.  In  this  chapter,  we  extend  the  formalism  of  the  TVD  schemes  to 
two-dimensional  cases  by  applying  the  scheme  along  the  two  spatial  directions  independent 
of  each  other.  Thus,  the  multi-dimensional  case  is  treated  as  a  collection  of  multiple 
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one-dimensional  cases,  while  maintaining  the  same  formal  order  of  accuracy  of  the  scheme 
as  in  the  simultaneous  solution  method.  The  local  characteristic  speeds  along  each  direction 
are  the  local  convection  speeds  along  that  particular  direction.  The  CVS  chosen  for  this  study 
is  based  on  Harten's  second-order  TVD  scheme  which  uses  the  so-called  minmod  flux 
limiter,  and  is  described  in  Chapter  III. 

The  present  chapter  focuses  on  several  issues.  One  is  the  understanding  of  the  role 
of  the  nonlinear  numerical  dissipation  employed  by  the  controlled  variation  scheme  and  how 
it  modifies  the  effective  cell  Peclet  number — which  indicates  the  relative  significance  of 
convection  and  diffusion  (physical  plus  numerical) — in  regions  of  high  solution  gradients. 
Two  model  problems  have  been  studied,  namely,  the  linear,  steady  Burgers' 
(convection-diffusion)  equation,  with  and  without  a  source  term.  Another  issue  of  interest 
is  the  convergence  property  of  the  CVS  for  practical  computations.  Consistent  with  the 
original  SIMPLE  algorithm,  the  fully  implicit  TVD  scheme  is  used  as  the  basis  for  the  CVS. 
The  implicit  TVD  schemes  are  highly  nonlinear  and  the  iterative  process  required  to  solve 
the  resulting  nonlinear  equation  at  every  timestep  negates  the  advantage  of  a  large  timestep 
allowed  by  implicit  schemes.  To  overcome  this,  linearized  versions  of  these  imphcit  schemes 
devised  by  Yee  (1986,  1987a)  are  implemented  in  the  sequential  algorithm  and  their 
convergence  properties  investigated.  We  focus  on  steady  state  solutions  in  the  present  study. 
Issues  regai-ding  the  iterative  implementation  of  the  CVS  to  solve  the  steady  state  model 
problems  are  addressed  by  investigating  several  versions  of  the  CVS,  each  with  a  different 
formulation  of  coefficients  and  source  terms.  The  implementation  of  the  controlled  variation 
scheme  (CVS),  identified  as  the  most  efficient  of  the  versions  mentioned  above,  is  described 
in  the  framework  of  the  two-dimensional  sequential  SIMPLE  algorithm  and  used  to 
compute  incompressible  flows  in  a  lid-driven  cavity  and  over  a  backward-facing  step. 
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5.2  Harten's  Implicit  Second-order  TVD  Scheme 

The  basic  features  of  Harten's  second-order  TVD  scheme  were  covered  in  Chapter 
III;  however,  an  explicit  time  discretization  was  used  there.  For  the  purposes  of  the  present 
chapter,  an  implicit  time  discretization  is  required.  Consequently,  a  brief  outline  of  Harten's 
implicit  second-order  TVD  scheme  is  presented  next. 

A  scalar  conservation  law  can  be  written  as  follows 

df{w) 


dw     I    

dt  dx 


=   0 


(5.1) 


where  w  is  the  dependent  variable  and  /  is  the  flux  of  w.  For  the  second-order  implicit 
Harten's  TVD  scheme,  the  numerical  approximation  for  w""*"',  where  the  subscript  / 
represents  the  spatial  node  and  the  superscript  n+1  and  n  represent  the  time  levels,  is  given 
by 


w'l+^ 


'~n+\  -.n+1 

+   ^^(/i+1/2    ~  fi-\/2 


<    -^(1-^)1/;+ 1/2    -fi- 1/2 


(5.2) 


where  X  =  A  t/Ax  and  0  is  a  measure  of  implicitness  of  the  scheme.  We  obtain  explicit,  fully 
implicit  and  Crank-Nicolson  schemes  for  0  =  0,  I  and  1/2,  respectively.  The  numerical 
fluxes  in  the  above  are  given  by 
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^■+1/2         2 


fi  +  fi+\  +  Si  +  8i+i  -  Qi^i+in  +  7/+ 1/2)^/+ 1/2^ 


fi 


1 


/-1/2 


/,    +  /,_!    +    g,    + 


n-\ 


Qia^_,,^  +  n-_i/2)^,_ 


/2> 


1/2 


w 


(5.3a) 
(5.3b) 


For  later  use,  we  express  the  above  numerical  fluxes  as  follows: 


/1+I/2     ~    ^/+l/2  (2,+ 1/2         ^/+l/2 


fi- 


1/2 
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1-1/2 
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i-Xjl 


^■-1/2 


(5.4a) 
(5.4b) 


and  also  write 


^  -   -^(+1/2  "  ^^1-1/2'      2   -   2/+1/2  ~   2,_i/2.      <5   -   G=/+ 1/2  ~  ^1-1/2  (5.5) 
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The  F,  Q  and  G  terms  in  Eqs.  (5.4)-(5.5)  consist  of  the/,  g  and  Q  terms  of  Eq.  (5.3), 
respectively.  For  later  reference,  we  present  here  the  complete  forms  of  2,+  ]  /2  ^i^d  G.^  ^  ,2' 

e,+i/2  =  |e(a,-+i/2  +  y.+i/2)^,'+i/2'^  (5.6a) 

The  various  quantities  used  in  the  above  definitions  are  given  as  follows: 
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(5.8a) 


(5.8b) 


(5.8c) 


(5.8d) 


and  ^i  +  \/2^ 


^i  +  : 
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(5.8e) 


It  should  be  noted  that  a, +  1/2  is  the  physical  characteristic  speed  whereas 
(^;  + 1  /2  "^  ^1+  1/2)  i^  ^i^^  modified  numerical  characteristic  speed.  Q,  called  the  dissipation 
function,  is  a  non-negative  quantity,  given  by 

Q{x)  =  Ixl  (5.9) 


It  should  be  pointed  out  here  that  a  modification  to  the  above  expression  of  Q(x}  is  often  made 
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for  the  solution  of  Euler  equations  in  simultaneous  solvers  by  selectively  increasing  the 
magnitude  ofQ(x)  for  vanishingly  small  characteristic  speeds  (Harten  1983, 1984,  Yee  etal. 
1985),  as  given  by  Eq.  (3.21)  in  Chapter  III.  However,  there  it  is  necessary  to  introduce  this 
additional  numerical  dissipation  to  prevent  the  violation  of  the  so-called  entropy  condition. 
A  similar  approach  has  been  employed  for  sequential  solvers  for  solving  one-dimensional 
gas  dynamics  problems  in  Chapter  III.  For  computing  incompressible,  recirculating  flows 
using  the  multi-dimensional  pressure-based  sequential  solver  employed  in  the  present 
study,  no  such  modification  of  Q(x)  is  required. 

5.3  Linearized  Versions  of  the  Imphcit  TVD  Scheme 

The  sequential  solution  algorithm  employed  for  steady  state  solutions  of  the 
Navier-Stokes  equations  in  the  present  study  is  the  well  known  SIMPLE  algorithm 
(Patankar  1980).  The  specific  details  of  the  particular  algorithm,  already  discussed  in 
Chapter  II,  are  not  important;  it  is  the  generic  elements  of  pressure-based  algorithms  in  the 
context  of  a  sequential  solution  procedure  that  are  the  focus  of  the  present  chapter.  We 
employ  the  fully  implicit  TVD  scheme  (i.e.,  0  =  1)  as  the  basis  for  development  of  the 
controlled  variation  scheme  (CVS)  for  computing  steady  state  flows.  The  implicit  and  highly 
nonlinear  equations  resulting  from  this  would  require  iterations  at  every  timestep  if  a 
time-stepping  approach  to  steady  state  is  employed.  If  an  infinite  timestep  is  chosen  to  solve 
for  steady  state,  as  in  the  present  study,  the  number  of  iterations  required  to  achieve 
convergence  wiU  be  very  large.  Consequently,  some  linearized  versions  of  implicit  TVD 
schemes  have  been  devised  (Yee  et  al.  1985,  Yee  1986,  1987a).  We  describe  two  of  these 
versions  next.  Both  versions  will  be  adopted  to  solve  the  one-dimensional  model  problems. 
Additional  implementational  details,  in  the  context  of  the  pressure-based  algorithm,  will  be 
presented  later  in  Section  5.5. 
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5.3.1  Linearized  Non-Conservative  Implicit  (LNT)  Form 


Using  definitions  (5.3a)  and  (5.3b),  Eq.  (5.2)  can  be  written  as 
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(5.10) 


Now  using  definitions  (5.8c)  and  (5.8d),  we  can  write  the  above  as 
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(5.11) 


This  form  can  be  shown  to  be  TVD  (Harten  1984,  Yee  1986).  However,  this  form  of  the 
implicit  scheme  cannot  be  expressed  in  conservation  form  and  thus  it  is  non-conservative 
except  at  steady  state  where  it  has  been  shown  that  it  does  reduce  to  a  conservative  form 
(Harten  1984).  Thus,  this  linearized  version  is  suitable  only  for  steady  state  calculations. 

For  our  purpose  in  the  present  study,  we  choose  the  fully  implicit  scheme,  i.e.,  6  = 
1,  and  we  employ  the  approach  of  taking  an  infinitely  large  timestep  to  make  the  numerical 
fluxes  completely  independent  of  the  timestep.  Thus  we  get  the  following: 
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where  the  first  term  vanishes  due  to  the  infinitely  large  timestep  A  t.  The  superscripts  n  and 
n+l  signify  the  previous  and  current  iteration  levels  at  steady  state,  respectively.  If  we 
linearize  the  above  nonlinear  equation  by  dropping  the  superscripts  of  the  coefficients  of 
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""''  ^  from  n+1  to  n,  we  get  the  following: 
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(5.14c) 


It  can  be  observed  that  the  above  form  is  spatially  a  five-point  scheme  with  a  tridiagonal 
system  of  linear  equations  and  has  a  dominant  diagonal. 


5.3.2  Linearized  Conservative  Implicit  (LCI)  Form 

A  linearized  conservative  version  of  the  implicit  TVD  scheme  can  also  be  obtained 
First,  we  write  Eq.  (5.3a)  as 
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Then  using  a  local  Taylor  series  expansion  about  w"  given  by 

j.n  +  1   _fn     =    a«(vv"+'    -  W")    +    0(zlr2)  (5.16) 

where  a  =  df/du  and  adding  and  subtracting  f[\_  j  to  fp^^^  we  get 
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Performing  a  similar  manipulation  in  the  expression  for  fi_y/2  >  we  obtain  a  linearized 

conservative  implicit  (LCI)  form  which  preserves  the  conservative  property  of  the 
differencing  scheme  and  is  thus  applicable  for  both  steady  and  unsteady  problems. 

For  our  present  applications,  we  choose  the  fully  implicit  scheme  with  an  infinitely 


large  timestep  and  linearize  by  dropping  the  superscripts  of  the  coefficients  of  A.^^ 
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Like  the  LNI  form,  this  too  is  a  five-point  scheme  with  a  tridiagonal  system  of  linear 
equations  but  it  does  not  maintain  diagonal  dominance  because  in  general 
a,  + 1  -  fl,  _  1  '^  0.  A  drawback  of  the  LCI  form  is  that  it  may  not  be  unconditionally  TVD 
for  0  =  1 ;  no  proof  exists  yet  (Yee  1986, 1987a).  However,  in  practice,  the  LCI  form  has  been 
found  to  be  stable  and  yields  high  accuracy  for  fairly  large  CFL  numbers  (Yee  1986). 


5.4  Model  Problem  I:  Linear  Convection-Diffusion  Equation 

The  first  model  problem  studied  here  is  the  one-dimensional,  steady  state  linear 
Burgers'  equation 

a<^x   —  p(pxx   ,  o:,yS  =  constants  >  0  (5.20) 

with  the  boundary  conditions 

0(0)  =  0   ,         0(1)  =  1 
The  exact  solution  to  this  problem  is  given  by 

1 


0(x)    = 


:,RX 


1 


(5.21) 


where/?  =  a/p.  For  small  values  ofR,  the  solution  varies  smoothly  throughout  the  domain. 
But  for  large  values  of  R,  0(x)  is  virtually  zero  except  in  a  region  near  x=l  which  has  the 
thickness  of  the  order  of  1/R.  Thus,  the  solution  is  of  boundary  layer  type  since  it  is  dominated 
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by  convection  in  the  majority  of  the  domain  and  the  entire  variation  in  the  solution  is 
contained  in  the  thin  region  next  to  the  right  boundary.  This  problem  has  been  used  as  a  model 
case  by  many  investigators,  e.g.,  Roache  (1972),  Leonard  (1979)  and  Shyy  (1985a). 

Numerically,  the  diffusion  term  is  conveniently  and  effectively  approximated  by 
second-order  central  differencing.  If  we  use  central  differencing  for  the  convection  term, 
then  the  numerical  approximation  to  Eq.  (5.20)  takes  the  form 

(2  -  P)0,+  i  +  (-  4)0,  +  (2  +  P)0,_,    =  0  (5.22) 

where  P  =  ah/^  and  is  called  the  cell  Peclet  number.  Here  h  is  the  grid  spacing,  assumed 
to  be  uniform.  Eq.  (5.22)  indicates  that  if  \P\  >  2,  then  oscillations  in  the  solution  profile 
may  result  due  to  a  lack  of  necessary  damping. 

If  the  CVS  is  employed  for  the  convection  term,  Eq.  (5.20)  is  approximated  by 

(//+1/2  -fi-1/2)    =  U^^+i  -  ^i  +  ^i-i)  (5.23) 

where  /,j.  1/2  ^re  defined  in  Eq.  (5.3)  with  f  =  (p  and  a._^^,2  =  <^i-i/2  ~  1  •  Using  these 
definitions,  we  can  write  the  numerical  scheme  in  the  form 

(0/+1  -  -^^-i)  =  |[(0.>i  -  20,  +  0.-,)  +  SP]  (5.24) 

where  S  consists  of  the  net  flux  over  and  above  the  central  difference  flux,  i.e., 
1 


'=    -2 


i+i  -  g,-i  -  e(«,+i/2  +  7/+ 1/2)^ ,■+1/2'^ 

(5.25) 

+  e(«,_,/2  + 7,-1/2)^,-1/2'^ 


From  this  viewpoint,  the  controlled  variation  scheme  can  be  interpreted  as  nothing  but  the 
basic  central  difference  scheme  accompanied  by  a  nonlinear  numerical  dissipation  term 
which  suppresses  the  dispersive  characteristic  of  the  central  difference  scheme  at  high  cell 
Peclet  numbers.  In  the  next  section,  we  discuss  the  issue  of  incorporation  of  this  nonlinear 
term  into  the  numerical  scheme  which  can  lead  to  different  versions  of  the  CVS. 
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5.4. 1  Implementation  of  the  CVS  for  the  Model  Problem 

In  Section  5.2,  two  linearized  versions  of  the  implicit  TVD  scheme  have  been 
described.  We  use  these  two  versions  to  construct  the  CVS  to  solve  the  model  problem.  We 
also  employ  two  other  versions  with  different  degrees  of  implicitness  in  their  numerical 
fluxes.  Since  all  four  versions  of  the  CVS  to  be  discussed  in  this  section  are  identical  at  steady 
state,  they  must  yield  an  identical  solution  if  and  when  convergence  is  achieved.  Thus,  one 
might  wonder  at  the  utility  of  implementing  these  different  versions.  To  illustrate  the 
motivation  behind  investigating  these  different  formulations  of  the  CVS,  note  that  all  of 
these  versions  lead  to  a  system  of  equations  that  can  be  expressed  as 

A  X   =  b  (5.26) 

where  A  is  the  tridiagonal  coefficient  matrix,  x  is  the  vector  consisting  of  the  unknown  0's 

and  b  consists  of  the  boundary  values  and  source  terms  (physical  or  numerical),  if  any.  The 
CVS  involves  a  highly  nonlinear  dissipation  term,  given  by  Eq.  (5.25),  which  can  be 
implemented  in  various  ways,  each  way  leading  to  a  different  form  for  the  matrix  A  and  the 

vector  b  .The  different  versions,  as  will  be  shown  later,  have  very  different  convergence 
properties  both  in  terms  of  the  allowable  magnitude  of  relaxation  factors  for  stability  of  the 
computation  and  the  number  of  iterations  required  to  achieve  a  desired  level  of  convergence. 
In  this  section,  we  outline  four  versions  of  the  CVS,  which  will  be  implemented  to 
solve  model  problem  I  in  order  to  determine  which  formulation  is  the  most  robust  in  terms 
of  stability  and  convergence.  These  versions  are  based  on  the  fully  implicit  scheme,  i.e.,  Eq. 
(5.2)  with  6  —  1 ,  for  steady  state  cases.  The  convection  term  is  approximated  by  using  one 
of  the  four  versions  to  be  discussed  next  and  the  diffusion  term  is  approximated  by 
second-order  central  differencing. 

Version  A 

As  described  earlier,  the  CVS  treats  the  convection  term  via  the  central  difference 
flux  Fwith  a  net  numerical  dissipation  flux  {Q  —  G).  For  steady  cases,  instead  of  linearizing 


Tp       -    ^    A.CL 


h      2 


E3=T-^  (5.29) 


:f    =  -  a  (Q-G 
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all  the  coefficients  (as  done  in  Section  5.2),  this  version  treats  the  physical  diffusive  flux  and  [ 

the  central  difference  flux  F  as  part  of  the  matrix  A  and  the  net  dissipation  flux  (Q  —  G)  as  [ 

a  source  term  included  in  the  vector  b .  Thus,  the  basic  formulation  of  the  central  difference  1 

i 

scheme  is  retained  and  the  entire  dissipation  term  of  the  CVS  is  placed  into  the  source  term.  | 

[ 
This  serves  to  make  the  scheme  "explicit"  in  the  sense  that  at  steady  state  the  nonlinear  I 

dissipation  term  is  explicitly  treated  as  part  of  the  source  term  and  not  implicitly  as  part  of  [ 

the  coefficient  matrix  A.  The  numerical  approximation  to  Eq.  (5.20)  can  now  be  expressed  ! 

as  [ 

f  {0,-f,  +  0^)  -  f  (0^  +  <t>i-x)  -  «(e,+  ,/2  -  G^+1/2)  +  a(e,_i/2  -  G._,i^  \ 

=   f(0,'  +  i-0j-f{0,--0,-i)  (5.27)  I 

This  can  be  expressed  in  the  form  [ 

t 

£10;^+/   +  £20"^'  +  ^30"+/    =  ^  (5.28)  [ 

where  we  have  i 


Version  B 

This  version  is  also  based  on  the  fully  implicit  scheme  at  steady  state.  The  difference  [ 

between  this  version  and  the  previous  one  is  that  along  with  the  diffusive  and  central 
difference  convective  fluxes,  the  Q  flux  is  also  included  in  the  coefficient  matrix  A  by  | 

factoring  out  ^ , •+ ,  /2<P  and  zl ._  j  ,20;  oi^ly  the  G  flux  is  placed  in  the  source  term  vector  b .  f 

Thus,  only  one  part  of  the  nonlinear  dissipation  term  is  treated  explicitly  as  part  of  the  source 
term  whereas  the  other  part  is  retained  implicitly  in  the  coefficient  matrix  A.  In  this  regard, 
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version  B  is  less  "explicit"  or  more  "implicit"  compared  to  version  A.  For  version  B,  the 
scheme  again  takes  the  form  of  Eq.  (5.28)  with 


^>  =  (f-f  2.-.  >/.)-! 


^3   -    U+   2^^-1/2 


E2  -   -  [Ey  +  £3 


y    =  a  G 


a 

2 


(5.30) 


Version  C 

Version  C  of  the  CVS  is  a  linearized  fully  implicit  version  based  on  the  LNI  form  of 
the  TVD  scheme  described  in  Section  5.2.  Using  Eq.  (5.12)  with  an  infinitely  large  timestep 
A  t,  the  numerical  approximation  to  the  model  problem  can  be  expressed  as 

srt  +  l 


a 

2 

a 
2 


(«,■+, /2  +  r,-+ 1/2)  -  e(«,-+,/2  +  y/+i, 
-  («/-i/2  +  r/-i/2)  -  e(«/-i/2  + 7,-1/2) 


0/  -  0/-1 


n+  1 


(5.31) 


f(0,>,-0j  -l[<Pi-<Pi-i] 


where  «;•_,_  ]/2  =  ^i-in  ^  ^  ^^"^  ^^^  present  case  and  the  superscript  n  designates  the 
iterative  step.  The  above  can  be  expressed  in  the  form  of  Eq.  (5.28)  where  we  have 

^•-1/2+  7,-1/2)    -    e(«,'-l/2+y,'-l/2) 

(^,+  1/2  +  n+1/2)   -   2(«,-  +  i/2  +  n  +  1/2)  (5.32) 


^^    -  h    ~   2 


£        =    ^      _     « 

^3  /l  2 


Er^    —    —   (£"]  +  £3 

:f  =  0 


Version  D 

This  version  is  based  on  the  LCI  form  of  the  TVD  scheme  described  in  Section  5.2 
and  again  leads  to  the  form  given  by  Eq.  (5.28).  The  coefficients  E^,  etc.,  are  obtained  from 
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the  LCI  form  in  a  manner  similar  to  version  C  above  along  with  ^  =  0,  and  will  not  be 
presented  here.  Versions  C  and  D  treat  all  the  terms  in  an  implicit  manner  and  thus  there  are 
no  source  terms  associated  with  these  versions. 

In  summary,  versions  C  and  D  of  the  CVS  for  the  model  problem  place  the  net 

numerical  flux  in  the  coefficient  matrix  A  with  nothing  in  the  source  vector  b  whereas 
versions  A  and  B  include  the  (Q  —  G)  and  G  fluxes,  respectively,  in  the  source  vector.  All 
four  versions  must  yield  identical  solutions  if  and  when  convergence  is  achieved;  these 
different  versions  are  formulated  essentially  to  investigate  the  convergence  characteristics 
of  the  CVS,  and  to  unequivocally  determine  the  version  which  is  the  most  robust  in  terms 
of  convergence  and  stability,  as  discussed  earlier. 

5.4.2  Results  for  Model  Problem  I 

For  the  linear  convection-diffusion  equation  studied  here,  we  choose  a  =  1000  and 
/3  =  1.  The  length  of  the  domain  is  1  with  the  grid  spacing  h  =  0.02.  Thus,  the  cell  Peclet 
number  for  the  flow  is  20.  The  central  difference  scheme,  as  expected,  yields  oscillations  as 
seen  in  Fig.  5. 1(a).  The  CVS  operates  by  injecting  a  nonlinear  numerical  dissipation  into  the 
central  difference  scheme  to  suppress  its  dispersive  effect.  This  is  evident  from  Fig.  5.1(a) 
where  it  can  be  seen  that  the  CVS  yields  an  oscillation-free  solution  profile. 

To  compare  the  performance  of  the  CVS  with  other  convection  schemes,  the  solution 
profile  obtained  with  the  QUICK  scheme  is  also  plotted  in  Fig.  5. 1  (a)  and  those  obtained  with 
first-order  upwind  and  second-order  upwind  schemes  are  plotted  in  Fig.  5.1(b)  along  with 
that  obtained  with  the  CVS,  in  the  vicinity  of  the  right  boundary.  The  critical  value  of  cell 
Peclet  number  for  the  model  problem,  beyond  which  oscillations  occur,  is  co  for  the  first- 
and  second-order  upwind  schemes,  2  for  the  central  difference  scheme  and  8/3  for  the 
QUICK  scheme  (Shyy  1985a).  As  can  be  seen  from  Fig.  5. 1(a),  the  QUICK  scheme  indeed 
yields  oscillations,  albeit  smaller  in  magnitude  and  extent  than  those  obtained  with  the 
central  difference  scheme.  First-  and  second-order  upwind  schemes  yield  oscillation-free 
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Fig.  5.1.  Solution  profiles  for  model  problem  I  (without  source)  using  various  schemes. 
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solution  profiles  similar  to  the  profile  obtained  by  the  CVS.  First-order  upwinding,  which 

has  a  high  level  of  numerical  dissipation,  smears  out  the  solution  profile  the  most.  The  profile 

obtained  with  the  CVS  turns  out  to  be  more  smeared  than  that  with  the  second-order  upwind 

scheme,  and  is  comparable  to  that  with  the  first-order  upwind  scheme.  Nevertheless,  suffice 

it  to  say  here  that  all  three  numerical  solutions  shown  in  Fig.  5. 1(b)  are  very  acceptable,  and 

the  basic  goal  of  the  CVS ,  namely,  to  help  improve  the  solution  accuracy  based  on  the  central  | 

difference  scheme  for  a  case  with  high  cell  Peclet  number,  is  realized.  It  should  be  pointed  ! 

out  that  the  linear  Burgers'  equation  without  source  terms  is  a  more  straightforward  problem  < 

to  solve.  The  relative  performance  of  all  these  schemes  is  more  distinguishable  for  a  very  f 

high  cell  Peclet  number  flow  with  a  source  term,  which  is  presented  in  the  next  section.  But  \ 

I 

before  doing  that,  we  shall  address  the  effect  of  different  implementations  of  the  CVS  on 

convergence  rate.  j 

( 
The  standard  tridiagonal  solver  with  line  SOR  is  used  to  solve  the  system  of 

equations.  All  four  versions  of  the  CVS  for  the  present  model  problem  yield  converged 

solutions  which  are  identical  within  the  tolerance  of  machine  accuracy.  However,  their  | 

j 

convergence  characteristics  are  quite  different,  as  shown  in  Fig.  5.2.  Version  A,  which  treats 

the  (Q  -  G)  flux  as  a  source  term,  is  the  least  stable  and  does  not  converge  for  relaxation  | 

factors,  0),  higher  than  0.1.  Though  this  version  has  the  most  straightforward  formulation  | 

I' 

and  implementation,  it  has  poor  convergence  characteristics  by  virtue  of  the  "explicit"  t 

t 

treatment  of  the  dissipation  term,  as  discussed  earlier.  The  other  three  versions  converge  with  j 

higher  values  of  relaxation  factors.  Versions  B  and  D  show  similar  convergence 
characteristics,  even  though  they  have  different  coefficient  matrix  A  and  the  source  vector 

6 .  It  is  observed  that  version  C,  which  is  a  linearized  form  of  the  fully  implicit  scheme, 
exhibits  the  lowest  levels  of  residuals  with  a  relaxation  factor  equal  to  0.5  and  a  smooth 
convergence  history.  It  is  the  most  robust  in  terms  of  sensitivity  to  the  variation  in  the 
magnitude  of  relaxation  factors  as  well  as  the  number  of  iterations  required  to  achieve  a 
desired  level  of  convergence.  It  shouldbe  pointed  out  here  that  this  is  true  for  all  the  problems 
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Fig.  5.2.  Convergence  paths  for  four  versions  of  CVS  for  model  problem  I. 


investigated  in  this  study  including  the  two-dimensional  recirculating  flows  to  be  discussed 
later. 

Next  we  demonstrate  the  mechanism  by  which  the  CVS  operates.  For  the  present 
model  problem,  if  we  use  the  central  difference  scheme  for  the  convection  term,  wiggles  are 
produced  as  seen  in  Fig.  5.1(a).  Here,  it  can  be  easily  shown  that  the  wiggles  are  produced 
due  to  the  right  boundary  condition.  For  example,  for  a  high  cell  Peclet  number  such  as  the 
one  used  in  the  present  case,  the  exact  solution  profile  consists  of  zeros  (virtually) 
everywhere  except  at  the  right  boundary  point.  With  the  central  difference  scheme,  at  the  grid 
point  adjacent  to  the  boundary,  i.e.,  i=10,  in  order  that  Eq.  (5.22)  holds  for  initially  given 
values  of  0;;  (=1)  and  (pg  (=0)  with  P>  2,  <pjo  must  assume  a  negative  value  to  increase  the 
magnitude  of  the  diffusion  term.  Thus,  the  absence  of  any  numerical  dissipation  in  central 
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differencing  to  augment  the  physical  diffusion  causes  the  solution  profile  to  exhibit  wiggles 
in  order  to  supply  an  "artificial  diffusion"  to  balance  the  convection  term  in  the  region  where 
the  important  length  scale  can  not  be  resolved  appropriately,  as  quite  lucidly  illustrated  by 
Roache  (1972).  From  a  different  point  of  view,  one  of  the  roots  of  the  characteristic  equation 
corresponding  to  the  finite  difference  equation  resulting  from  the  central  difference  scheme 
becomes  negative  when  IPI  >  2  and  according  to  the  standard  theory  of  finite  difference 
equations,  oscillations  in  the  solution  might  result.  This,  of  course,  is  a  necessary  condition; 
for  instance,  if,  instead  of  the  Dirichlet  condition  specified  presently  for  the  right  boundary, 
we  specify  a  Neumann  boundary  condition  of  the  type  d^/dx=0,  the  central  difference 
scheme  will  yield  the  oscillation-free  exact  solution  which  is  zero  everywhere,  for  any  value 
of  cell  Peclet  number.  This  is  due  to  the  fact  that  with  such  a  Neumann  boundary  condition, 
the  governing  equation  itself  reduces  to  a  first-order  equation,  thus  eliminating  the  root  of 
the  finite  difference  equation  whose  sign  is  dependent  on  the  magnitude  of  the  cell  Peclet 
number. 

5.4.3  Effective  Cell  Peclet  Number 


For  the  model  problem  under  investigation,  the  CVS,  which  is  based  on  the  central 
difference  scheme,  eliminates  the  wiggles  discussed  above  by  injecting  numerical 
dissipation  where  necessary.  In  order  to  illustrate  the  relation  between  the  balancing  terms 
in  the  CVS,  we  rewrite  the  fully  nonlinear  form,  Eq.  (5.27),  as  follows 

f(0.>i  +  <^,)-f(0i+0,--i; 
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«  e, 


1+1/2        ^i+1/2 
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(+1/2' 
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0^  +  1  -0, 
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13        ^(Qi-\/2~  ^i-l/2 
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(5.33) 
0i  -  '/'(-I 


In  the  above,  a  is  the  coefficient  of  effective  convection;  the  first  term  within  the  square 
brackets  on  the  right  hand  side  of  the  equation,  namely  ^/h,  is  the  coefficient  of  physical 
diffusion  and  the  second  term  in  the  square  brackets  is  the  nonlinear  dissipation  of  the  CVS. 
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The  effective  cell  Peclet  number  of  the  CVS  for  the  model  problem  can  thus  be  defined  as 
the  ratio  of  the  convective  coefficient  and  the  coefficient  of  net  dissipation: 

D       _    a 

p_   ^  ^/Q.>./.~g.>./A1  (5.34) 

While  computing  the  coefficient  of  the  nonlinear  dissipation  (second  term  in  the 
denominator  of  the  above  expression),  one  can  avoid  the  singularity  that  occurs  when 

^  '+1  /2^  =  0  by  prescribing  this  coefficient  to  be  zero  when  ^ ,+  j  /2<P    —  ^  where  8  is  a 

small  positive  number.  For  the  present  case  we  use  £=10~^.  This  is  equivalent  to  saying  that 

when  ^  ;•+ 1  /20    is  negligibly  small,  no  extra  numerical  dissipation  is  required.  It  must  be 

pointed  out  that  this  artificial  cutoff  is  enforced  only  for  the  estimation  of  the  effective  cell 
Peclet  numbers  and  not  during  the  computation  of  the  numerical  fluxes  used  by  the  CVS. 
Note  that  the  original  cell  Peclet  number  (i.e.,  with  respect  to  the  central  difference  scheme) 
is  given  by 

P   ^  P  ^     ^ 

■'      ~    ^central  o/j^  (5.35) 

A  comparison  of  Pcvs  and  P central  shows  that  the  CVS  reduces  the  effective  cell  Peclet 
number  of  the  flow,  where  necessary,  by  augmenting  the  physical  diffusion  with  numerical 
dissipation. 

Table  5.1  shows  the  values  of  the  relevant  quantities  associated  with  the  model 
problem.  As  presented  in  Eqs.  (5.4)-(5.6),  the  F  flux  represents  the  central  difference 
operator,  g  the  numerical  dissipation  and  G  the  numerical  anti-dissipation.  The  Q  flux  is 
responsible  for  the  TVD  property  of  the  original  scheme  developed  by  Harten,  whereby 
spurious  oscillations  near  discontinuities  are  suppressed.  The  G  flux  serves  to  improve  the 
accuracy  by  sharpening  the  resolution  of  the  scheme  via  anti-diffusion  in  regions  away  from 
the  discontinuities  in  the  flow  field.  Thus  {Q-G)  represents  the  net  numerical  dissipation 
present  in  the  scheme  and  this  combination  provides  the  higher-order  accuracy  in  the  smooth 
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regions  of  the  flow  field  along  with  the  capability  to  suppress  spurious  oscillations  near  sharp 
gradients  in  the  solution  profiles.  Using  an  artificial  cutoff  for  the  computation  of  effective 
cell  Peclet  numbers  by  assigning  £=10^,  it  can  be  observed  that  the  CVS  injects  the 
dissipation  (Q  —  G)  near  the  right  boundary  where  the  wiggles  originate  for  the  central 
difference  scheme.  In  the  vicinity  of  the  right  boundary,  the  amount  of  numerical  dissipation 
augmenting  the  physical  diffusion  is  high  enough  to  reduce  the  effective  cell  Peclet  number 
to  a  value  less  than  two.  However,  in  the  region  away  from  the  right  boundary,  the  cell  Peclet 
numbers  remain  high,  resulting  in  a  varying  distribution  of  Pcvs-  This  result  has  clearly 
established  that  the  cell  Peclet  number  does  not  need  to  be  uniformly  lower  than  2  for  a 
central  difference  based  scheme  in  order  to  yield  a  solution  free  from  spurious  oscillations. 
It  should  be  noted  that  adjacent  to  the  right  boundary,  i.e.,  at  the  grid  point  i=10,  the 
first-order  version  of  the  CVS  has  to  be  employed  for  which  G  -0. 


Table  5.1.  Values  of  some  variables  for  model  problem  I  witha=200,yS=l ,  P=20  and /^= 10 


-in-4 


i 

4> 

Ai+l/2Cl) 

Q 

G 

Q-G 

"cvs 

1 

0.0 

- 

- 

- 

- 

- 

2 

8.50x10-14 

1.78x10-12 

0.0 

0.0 

0.0 

20.0 

3 

1.87x10-12 

5.44x10-11 

0.0 

0.0 

0.0 

20.0 

4 

5.63x10-11 

1.67x10-9 

0.0 

0.0 

0.0 

20.0 

5 

1.72x10-9 

5.12x10-8 

0.0 

0.0 

0.0 

20.0 

6 

5.29x10-^ 

1.57x10-6 

0.0 

0.0 

0.0 

20.0 

7 

1.62x10-6 

4.82x10-5 

0.0 

0.0 

0.0 

20.0 

8 

4.98x10-5 

1.47x10-3 

0.7418 

0.2581 

0.4836 

1.8737 

9 

1.52x10-3 

4.53x10-2 

0.7418 

0.2581 

0.4836 

1.8737 

10 

4.69x10-2 

9.53x10-1 

0.5 

0.0 

0.5 

1.8182 

11 

1.0 

- 

- 

- 

- 

- 
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5.5  Model  Problem  II:  Linear  Burgers'  Equation  with  Source 


As  the  next  test  case,  we  choose  the  model  problem 

a(t)x   =  P4>xx  +  «  V^W    ,  a,P  =  constants  >  0  (5.36a) 

0(0)  =  0 

with  two  different  choices  of  conditions  at  the  right  boundary,  namely, 

(i)  Neumann  boundary  condition:    {(px)x=L   ~  ^  (5.36b) 

(ii)  Dirichlet  boundary  condition:      0(L)  =  0 

to  study  the  performance  of  the  CVS  for  convection  dominated  flows  in  the  presence  of 
source  terms.  This  model  problem  has  been  studied  by  Shyy  (1985a)  and  Leonard  (1979). 
The  form  of  the  source  term  used  here  is  the  following: 


yj(x)  = 


ax  +  b   ,  0  <  X  <  x^ 

ax,  +  b]           (-^1+^2)/  ,^  /  \       ^^■^'^^ 

X  +  -^ [aX]  +  bj   ,         x^  <  X  <  [x^  +  X2J 


X2  A2 


By  varying  the  parameters  in  the  source  term,  one  can  investigate  the  performance  of  the 
various  schemes  under  different  distributions  of  the  source.  Of  the  various  cases  suggested 
by  Shyy  (1985a),  we  choose  a  source  spanning  through  several  mesh  lengths.  The 
parameters  used  are:  P=10^  or  10^,  L=15,  A^=35,  a=-0.5,  b=lJ6,  xj=l2h  and  X2=S,h.  As 
shown  in  Eq.  (5.36b),  two  different  boundary  conditions  for  the  right  boundary  are 
investigated.  It  is  of  interest  to  compare  the  performance  of  the  CVS  with  the  other 
convection  schemes  mentioned  earlier  with  the  prescribed  source  distribution  and  two  sets 
of  boundary  conditions. 

In  model  problem  I  studied  in  Section  5.4,  the  mechanism  that  generated  the  spurious 
oscillations  with  central  differencing  was  the  boundary  condition  (as  discussed  earlier).  The 
oscillations  there  could  also  be  explained  from  the  viewpoint  of  the  roots  of  the  characteristic 
equation  associated  with  the  central  difference  scheme.  In  the  presence  of  a  source  term  in 
the  linear  Burgers'  equation,  the  solution  of  the  characteristic  equation  consists  of  the 


157 


original  general  solution  for  the  source-free  equation  and  a  particular  solution  due  to  the 
presence  of  the  source  term.  The  general  solution  here  is  the  trivial  one,  namely,  zero 
everywhere.  Thus,  the  nature  of  the  solution  profile,  i.e.,  the  presence  and  the  extent  of 
wiggles  for  high  cell  Peclet  number,  using  central  differencing  now  depends  on  the  nature 
of  the  source  term.  When  the  Neumann  boundary  condition  on  the  right  boundary  is  used  in 
the  presence  of  the  source  term  with  the  central  difference  scheme,  the  solution  exhibits  very 
slight  oscillations  about  the  exact  solution,  as  shown  in  Fig.  5.3(a).  If  the  Dirichlet  boundary 
condition  is  used  instead  of  the  zero  gradient  Neumann  condition,  oscillations,  resulting 
from  an  interaction  with  the  Dirichlet  boundary  condition  similar  to  model  problem  I,  appear 
even  for  much  lower  values  of  P.  To  demonstrate  this,  the  solution  profile  using  the  central 
difference  scheme  for  cell  Peclet  number  10-^  is  shown  in  Fig.  5.3(b). 

Next  we  present  the  results  for  model  problem  11  obtained  using  the  CVS.  All  four 
versions  of  the  CVS,  as  discussed  in  Section  5.4,  have  been  employed  to  solve  model 
problem  II;  their  convergence  characteristics  have  been  found  to  be  consistent  with  those  for 
model  problem  I.  Again,  version  C  is  found  to  be  the  most  robust  in  terms  of  convergence 
history  as  well  as  sensitivity  to  the  size  of  the  relaxation  factor.  For  both  sets  of  boundary 
conditions,  CVS  yields  oscillation-free  profiles,  as  shown  in  Fig.  5.4.  Thus,  it  is  able  to 
suppress  the  wiggles  in  the  central  difference  scheme  resulting  from  the  interaction  with  both 
source  terms  and  boundary  conditions.  Moreover,  profiles  obtained  by  the  CVS  are  quite 
comparable  to  those  by  the  second-order  upwind  scheme;  it  is  noted  that  for  the  Dirichlet 
boundary  condition  used  here,  the  QUICK  scheme  yields  oscillations  near  the  right 
boundary  as  discussed  by  Leonard  (1979).  The  first-order  upwind,  as  expected,  exhibits  an 
excessive  amount  of  dissipation  for  both  types  of  boundary  conditions  as  shown  in  Fig.  5.4. 

It  is  also  illustrative  to  look  at  the  distribution  of  the  effective  cell  Peclet  numbers, 
defined  in  Eq.  (5.34)  and  discussed  in  Section  5.4.  Table  5.2  Hsts  the  effective  cell  Peclet 
numbers  obtained  using  the  CVS  for  model  problem  II  with  P=10^  and  using  the  Dirichlet 
boundary  condition,  i.e.,  (p(x=L)=0-  Fig-  5.5  shows  the  distribution  of  the  effective  cell  Peclet 
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(a)  Right  boundary  condition:  Neumann 
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(b)  Right  boundary  condition:  Dirichlet 


Fig.  5.3.  Solution  profiles  for  model  problem  II  (with  source)  using  central  difference  scheme. 


159 


Right  boundary  condition:  Neumann 
Cell  Peclet  number  =  10^ 

Exact  solution 

*    First-order  upwind 
o    Second-order  upwind 

__  QUICK 
+    CVS 


--i|i-  ^-^<^  41  -^-iji-iji  -i^-^^  iji-ifuifi-  iji  -^ 


H;!i;;i:^!j!***ff!*      Si<       !(!*+,      ;i!,ic;|c 


10 


12 


14  16 


(a)  Right  boundary  condition:  Neumann 


Right  boundary  condition:  Dirichlet 
Cell  Peclet  number  =  10^ 

Exact  solution 

*    First-order  upwind 
0    Second-order  upwind 

__  QUICK 
+    CVS 


*     *     ;|!     fC     :i:     ;!i     *     *     *     *     '-I'     si!     *     *     *     ^i:\ 


'0  2  4  6  8  10  12  14  16 

X 

(b)  Right  boundary  condition:  Dirichlet 
Fig.  5.4.  Solution  profiles  for  model  problem  II  using  various  schemes. 
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Fig.  5.5.  Effective  cell  Peclet  numbers  for  the  CVS  with  Dirichlet  boundary  condition 
and  P=100. 


Table  5.2.  Effective  Cell  Peclet  Numbers  for  the  CVS  for  Model  Problem  II;  P=102 

Right  Boundary  Condition:  Dirichlet 


i 

X 

Pcvs 

2 

0.42 

1.96 

9 

3.42 

1.96 

10 

3.85 

3.15 

11 

4.28 

4.66 

12 

4.71 

6.32 

13 

5.14 

24.85 

34 

14.14 

1.97 

35 

14.57 

1.96 

Remaining  i 

Remaining  x 

100.00 
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number,  Pcvs,  over  the  whole  domain.  The  solution  profile  is  also  plotted  in  the  same  figure 
(not  to  scale)  to  correlate  the  cell  Peclet  numbers  with  the  regions  of  variation  in  the  solution 
profile.  Again,  an  artificial  cutoff,  similar  to  that  for  model  problem  I,  is  used  for  the 
estimation  of  effective  cell  Peclet  numbers  by  prescribing  £=10~^.  Similar  to  model  problem 
I,  the  CVS  operates  by  introducing  an  appropriate  amount  of  numerical  dissipation,  where 
necessary,  to  effectively  reduce  the  cell  Peclet  numbers,  thus  balancing  the  convection  and 
diffusion  terms  so  as  not  to  produce  any  spurious  oscillations  in  the  solution  profile.  For 
instance,  it  can  be  seen  from  Table  5.2  that,  near  the  left  and  right  boundaries  (i=2  and  35), 
and  in  the  "downhill"  part  of  the  solution  profile  (i=9-13),  the  effective  cell  Peclet  numbers 
are  much  smaller  than  in  the  rest  of  the  domain.  In  fact,  adjacent  to  the  left  boundary  (i=2) 
and  at  the  extremum  (i=9)  of  the  solution  profile  where  the  profile  undergoes  a  change  of  sign 
in  slope,  the  effective  cell  Peclet  number  is  less  than  2.  Thus,  the  CVS  effectively  reduces 
the  cell  Peclet  numbers  in  regions  where  spurious  oscillations  might  occur  with  central 
differencing.  In  the  other  regions  of  the  domain,  the  effective  cell  Peclet  numbers  can  be 
quite  high,  without  generating  any  wiggles. 

5.6  Incompressible.  Laminar  Navier-Stokes  Equations 

As  discussed  in  Chapter  II,  we  employ  the  SIMPLE  algorithm  (Patankar  1980). 
Typical  control  volumes  employed  in  this  algorithm  for  the  u- velocity  component  are  shown 
in  Fig.  2.1.  To  recapitulate,  the  algorithm  solves  the  governing  equations  in  a  sequential 
manner.  The  velocity  components  are  computed  from  the  respective  momentum  equations. 
The  velocity  and  the  pressure  fields  are  corrected  using  a  pressure  correction  equation  which 
is  derived  by  manipulating  the  continuity  and  the  momentum  equations.  The  correction 
procedure  leads  to  a  continuity-satisfying  velocity  field.  The  whole  process  is  repeated  until 
the  desired  convergence  is  reached. 

For  a  two-dimensional  fluid  flow  problem,  the  momentum  equations  can  be  written 
as  follows: 
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dt  dx  dy 


(5.38) 


where  the  J's  are  the  net  fluxes  along  the  two  directions  and  are  composed  of  convective  and 
diffusive  fluxes,  as  follows: 


30 

d(b 
Jy  =  (gv(p) 


fX 


dy 


(5.39a) 

(5.39b) 


where  (p  =  u  or  v,  ju  is  the  physical  viscosity  of  the  fluid,  and  5*  is  the  source  term 
consisting  of  pressure  gradient  and  any  other  external  source  terms.  Integrating  the  above 
over  the  control  volume,  we  get 

]AxAy 


(Q(p)p  -   (^0)^ 


'/i) 


At 


+   {{QU(p)e    -    {QU(p)w]Ay    +    [{QV(p)n    -    {QV<P)s\Ax 


.^ 


dx 


Ay 


[A 


30 
3j 


30 
^37 


Ax  =  S 


(5.40) 


where  the  superscript  0  represents  the  previous  time  level  and  5**  is  the  source  term 
integrated  over  the  control  volume. 

We  now  formulate  the  controlled  variation  scheme  (CVS)  by  formally  extending  the 
TVD  scheme  from  one  dimension  to  the  present  two-dimensional  case.  Similar  to  the  model 
problems  described  in  the  previous  sections,  we  use  the  fully  implicit  scheme.  Steady  state 
analogs  of  the  four  versions  discussed  for  model  problem  I  have  been  investigated  for  the 
two-dimensional  SIMPLE  algorithm  and  conclusions  similar  to  those  for  the  two  model 
problems  have  been  reached.  Consequently,  we  focus  on  just  the  analog  of  version  C  of  the 
CVS  for  model  problem  I,  namely,  the  linearized  version  (LNI)  of  the  fully  implicit  TVD 
scheme.  We  next  present  an  outline  of  the  formulation  of  the  CVS  in  the  format  of  the 
SIMPLE  algorithm  for  the  case  of  the  linearized  form  (LNI)  of  the  TVD  scheme  described 
in  Section  5.3. 
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5.6. 1  Linearized  Form  of  the  CVS  for  the  SIMPLE  Algorithm 

Using  the  LNI  form  of  the  fluxes  given  in  Section  5.3  independently  along  the  x-  and 
y-directions,  Eq.  (5.40)  can  be  expressed  as 


,n+\ 


Q  ^y  q+ 1/2  (<Pe  -  0p)      -  Q^y  q- 1/2  (^p  -  <P 

+    Q  Ax  C;'^,/2  ("^N  -  <PpV      -    Q  ^X  9_i/2  {<Pp  -  "Ps^ 


n+] 


ra+1 


n  +  \ 


(5.41) 


\n+  1 


+    D%U2i<pN-<Pp)  -/);_,/2(0p-05) 

where  the  various  coefficients  are  given  by 


«  +  : 


+  S^ 


D«, 


-G(a,-_I/2+y,--i/2)     ±    («,'-l/2 


+  >^-l/2) 


Ay    ^   Up  +  ^jA  Ay 


/^e 


etc. 


(5.42a) 
(5.42b) 


'■+1/2        "^'dxe         \       2       Jdx^ 
Note  that  the  subscript  i  is  used  to  denote  the  x-direction  and 7  to  denote  the  y-direction. 

It  has  been  demonstrated  in  Chapter  III  that  the  signal  propagation  for  the  entire 
sequential  system  of  equations  has  to  be  coordinated,  which  is  achieved  by  assigning  the 
local  convection  speeds  as  the  local  characteristic  speeds  for  the  whole  system.  Thus,  in  the 
above  equations,  we  use  the  following: 

i(«,j  +   "i+ij)  (5.43a) 

(5.43b) 


^i+l/2    ~    ^i+l/2j 


1 


aj+^/2    -    «/j+]/2    -    2\'J    "^    ^'V+1 


It  should  be  noted  that  the  above  interpolations  required  for  the  local  characteristic  speeds 
result  from  the  staggered  nature  of  the  grids  employed  for  the  velocity  components  (Fig.  2.1). 
Employing  the  conventional  notation  for  the  SIMPLE  algorithm,  Eq.  (5.41)  can  be 
written  as 


Ap(pp   =  A^E  +  ^v/t>w  +  ^A^/v  +  ^b<t>s  +  b 


(5.44) 
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The  coefficients  used  in  Eq.  (5.44)  can  be  expressed  as  follows: 


Ap    —  Ay^  +  A^  +  A^   +  A 


(5.45) 


N 


5.6.2  Effective  Cell  Peclet  Number 


For  the  present  two-dimensional  steady  state  case,  the  fully  nonlinear  version  of  the 
CVS,  similar  to  Eq.  (5.33)  for  the  one-dimensional  model  problem  I  (Section  5.4),  can  be 
written  as 


F. 


F. 


F.., 


.  +  0p)  -  ^(0/>  +  ^w)  +  -fi^N  +  <Pp)  -  -T[<t>p  +  <t>s) 


(5.46) 
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^,.i^ 
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Ds  +  qAx 


J       2 


°H 


A     4 

J  1 


<l>s) 


where  the  subscripts  e,  w,  n  and  s  (conventionally  used  in  the  nomenclature  for  the  SIMPLE 
algorithm)  are  used  interchangeably  with  the  subscripts  i+1/2,  i-l/2,j+l/2  and  7-7/2  to 
denote  the  east,  west,  north  and  the  south  face,  respectively,  of  the  control  volume.  In  the 
above  equation,  F^,  for  example,  represents  the  mass  flux  (or  the  strength  of  convective 
effect)  across  the  east  face  of  the  control  volume  and  is  commonly  called  the  convective 
coefficient;  it  is  defined  as 
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Fe   =  iQu)^Ay  (5.47) 

The  coefficient  Dg  (  =  D■_^_^,2  given  by  Eq.  5.42(b)),  called  the  diffusion  coefficient,  is  an 
indicator  of  the  magnitude  of  the  physical  diffusive  effect  across  the  east  face.  Likewise,  the 
terms  involving  (g  —  G)  represent  the  numerical  dissipation  of  the  CVS  at  the  four  faces 
of  a  control  volume  and  can  be  termed  as  nonlinear  dissipation  coefficients.  We  can  define 
an  effective  cell  Peclet  number  of  the  CVS  on  the  east  face  (i.e.,  along  the  x-direction),  as 


^Pe)cvs  r  .  ,  -.  (548) 


Likewise,  one  can  define  an  effective  cell  Peclet  number  for  the  north  face,  i.e.,  along  the 
y-direction.  The  above  definition  is  very  similar  to  the  definition  given  in  Eq.  (5.34)  for  the 
one-dimensional  convection-diffusion  equation  and  indicates  the  relative  strength  of  local 
convection  and  the  net  local  diffusion  (physical  plus  numerical).  Similar  to  model  problem 
I  (Section  5.4),  while  computing  the  coefficient  of  the  nonlinear  dissipation  (second  term  in 
the  denominator  of  the  above  expression),  one  can  avoid  the  singularity  that  occurs  when 
^i  +  i/2^  =  0  by  prescribing  this  coefficient  to  be  zero  when 


<    £ 


T  characteristic 

where  £  is  a  small  positive  number.  For  the  present  case  we  use  £=10^.  Note  that  the  cell 
Peclet  number  for  the  central  difference  scheme  is  defined  as 

(P  )         ,   =  ^  (5-49) 

^^e)  central  n  ^  ^ 

5.6.3  Boundary  Treatment 

At  the  control  volumes  adjacent  to  the  boundary,  we  must  use  a  scheme  that  utilizes 
only  one  neighbor  on  either  side  of  the  control  point,  since  we  do  not  have  two  neighbors 
available  for  the  interface  nearest  to  the  boundary.  For  the  scalar  conservation  law  given  by 
Eq.  (5.1),  the  one-dimensional  first-order  TVD  scheme,  which  forms  the  basis  of  the 
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second-order  TVD  scheme  described  in  Section  5.2,  has  the  following  numerical  flux  on  the 
right  interface: 

-"+1       ir  1"^' 

fi+l/2    =    2Vi    +^'+1    ~    2K-+l/2)^<+l/2^J  (5.50) 

and  likewise  for  the  left  interface.  Thus,  for  the  two-dimensional  case,  the  control  volumes 
adjacent  to  the  boundaries  of  the  domain  use  different  coefficients  compared  to  the  internal 
control  volumes.  Due  to  the  staggered  nature  of  the  grid,  the  situation  is  different  for  the  left 
and  right  border  control  volumes  and  the  top  and  bottom  border  control  volumes  (shown  in 
Fig.  2.1).  For  the  u-component  of  velocity,  the  left  and  right  border  control  volumes  use  the 
following  coefficients: 

\^      ,    1 


ny  -  ^^  +  2^w  +  2Q^^i-\i2^^^y 


All/    —    jL/v 


As   =  D,  +  ^F,  +  ^Q{a._^i^)Q^x 
A^  =  Dn  -  ^F„  +  ^Q{a.^^i^)Q,4x 

with  b=0  and  Ap  equal  to  the  sum  of  the  above  coefficients. 

The  situation  is  slightly  different  for  the  bottom  and  top  border  since  the  interface 
nearest  to  the  boundary  lies  on  the  boundary  itself.  Thus,  in  the  bottom  border  control 
volumes,  for  example,  the  diffusion  coefficient  is  changed  due  to  the  fact  that 

(^ys) south  border  C.V.     ~    ^■^^^ys)internal  C.V.  (5.52) 

which  leads  to  a  modification  of  the  diffusion  coefficient  as  follows: 

^ south  border  C.V.     -    ^s     =    '^■Ds   =   2Dj'„fg^„g/ ^.K.  (5.53) 

The  coefficient  As  for  the  bottom  border  control  volumes  is  thus  given  by 

As   =  Dl  +  ^F,  +   Q{a._^i^QsAx  (5.54) 

whereas  the  remaining  coefficients  are  the  same  as  before,  namely,  those  given  by  Eq.  (5.51). 
A  similar  treatment  is  required  for  the  top  border  u-control  volumes. 
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The  above  description  is  applicable  to  the  border  u-control  volumes  shown  in  Fig. 
2.1.  For  the  v-control  volumes  along  the  borders  of  the  flow  domain,  the  treatment  for  the 
left  and  right  borders  is  analogous  to  the  u-control  volumes  along  the  top  and  bottom 
borders.  Similarly,  the  boundary  treatment  for  the  top  and  bottom  v-control  volumes  is 
analogous  to  the  left  and  right  border  u-control  volumes. 

5.7  Results  of  Two-Dimensional  Incompressible  Flows 

In  order  to  assess  the  performance  of  the  controlled  variation  scheme  (CVS)  for 
recirculating  flows,  flows  in  a  lid-driven  cavity  and  over  a  backward  facing  step  are  chosen 

as  test  cases.  As  discussed  earlier,  the  controlled  variation  scheme  presented  here  can  be 

1 

viewed  as  the  central  difference  scheme  with  an  appropriate  amount  of  nonlinear  numerical  t 

1 

dissipation.  The  Q  flux  illustrates  the  physical  mechanism  by  which  the  CVS  operates.  It  is 
repeated  here  to  illustrate  this  mechanism: 


<2,-+i/2    =    ^2(«,+  l/2    +    n+ 1/2)  ^.■+1/2'^ 


Here  Q,  given  by  Eq.  (5.9),  is  the  numerical  dissipation  and  is  a  function  of  the  local 
numerical  characteristic  speed.  Since  the  local  characteristic  speed  is  nothing  but  the  local 
convection  speed,  a  high  local  convection  speed,  which  implies  a  high  local  cell  Peclet 
number,  automatically  selects  a  higher  amount  of  numerical  dissipation.  However,  if  the 
local  gradient  {A  ,  +  1/20)  is  negligible,  this  damping  term  is  also  negligible.  A  high  value  of 
Zl . ,  ,  ,,0  which  represents  the  local  gradient  of  velocity  and  thus  the  local  cell  Peclet 
number,  also  prompts  the  use  of  a  high  (though  controlled)  amount  of  dissipation  by  the 
CVS.  The  G  flux  balances  the  Q  flux  in  regions  where  numerical  dissipation  is  not  necessary 
and  assumes  a  zero  value  in  regions  where  ^ ,  + ,  i^^  and  A ,_  1/20  have  an  opposite  sign. 

Thus  high  cell  Peclet  number  situations  are  handled  by  the  CVS  by  automatically  triggering 
a  variation  control  in  the  regions  where  required. 
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5.7.1  Driven  Cavity  Flow 

The  results  for  the  driven  cavity  flow  presented  here  correspond  to  a  Reynolds 
number  1000  based  on  the  length  of  the  cavity  and  the  velocity  of  the  moving  lid.  Since  the 
controlled  variation  scheme  developed  here  regulates  the  numerical  dissipation  in  the  central 
difference  scheme,  it  is  illustrative  to  compare  the  results  obtained  using  these  two  schemes. 
For  this  purpose,  the  streamfunction  plots  for  the  driven  cavity  flow  using  a  21x21  grid  with 
Reynolds  number  1000,  using  the  central  difference  scheme  and  the  controlled  variation 
scheme  (CVS),  are  shown  in  Fig.  5.6.  Since  this  test  problem  involves  large  regions  of  flow 
domain  with  low  cell  Reynolds  numbers,  based  on  local  velocity  gradients  and  discussed  in 
Chapter  II  (Section  2.4.1.1),  the  central  difference  scheme  is  expected  to  give  satisfactory 
results.  Also,  since  the  CVS  is  more  dissipative  compared  to  the  central  difference  scheme, 
it  is  expected  to  smear  the  solution  profiles  somewhat,  compared  to  the  central  difference 
scheme.  This  is  evident  from  Fig.  5.6  where  it  is  observed  that  the  maximum  streamfunction 
value  obtained  by  the  CVS  is  less  than  that  by  the  central  difference  scheme.  However,  in 
regions  where  the  cell  Peclet  numbers  are  high,  namely,  the  edges  of  the  primary  eddy  in  the 
cavity,  especially  the  top  corners  of  the  cavity,  the  streamfunction  contours  obtained  with  the 
central  difference  scheme  show  some  nonphysical  wiggles.  With  the  CVS,  these  wiggles  are 
suppressed,  as  seen  in  Fig.  5.6(b).  Thus,  the  CVS  does  indeed  serve  its  purpose  of 
suppressing  spurious  oscillations  but  its  effect  is  not  so  apparent  in  the  present  test  problem 
since  the  central  difference  scheme  itself  is  quite  satisfactory  for  the  majority  of  the  flow 
field.  Also,  the  CVS  contains  numerical  dissipation  (compared  to  the  central  difference 
scheme)  throughout  the  flow  field,  even  where  it  is  not  strictly  required  for  the  present 
problem,  thus  causing  overall  smearing. 

Next,  we  examine  some  of  the  velocity  profiles  obtained  using  the  CVS.  Fig.  5.7 
shows  the  u-velocity  profiles  across  the  cavity  along  two  vertical  lines,  namely,  x=0.25  and 
0.5.  The  u-velocity  profiles  at  x=0.5  for  successively  refined  grids  show  a  monotonic 
convergence  to  the  benchmark  results  of  Ghia  et  al  (1982).  The  velocity  profiles  for  x=0.25 
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5  10  15 

(a)  Central  difference  scheme 


5  10  15  20 

(b)  Controlled  variation  scheme 


Fig.  5.6.  Streamfunction  contours  for  cavity  flow  on  21x21  grid  using  different  schemes; 
Re=1000. 
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have  been  plotted  in  Fig.  5.7(b)  to  confirm  that  the  solution  converges  monotonically 
towards  a  grid  independent  solution  throughout  the  flowfield,  as  the  grid  is  refined;  no 
benchmark  solution  profiles  are  available  for  this  x-location.  The  above  results  demonstrate 
that  physically,  the  CVS  operates  by  injecting  an  extra  amount  of  numerical  dissipation  into 
the  central  difference  operator.  In  the  original  TVD  scheme  applied  to  the  Euler  equations, 
this  dissipation  is  maximum  in  regions  of  discontinuities  due  to  large  amounts  of  Q 
introduced  or  at  local  extrema  due  to  a  zero  value  of  G.  In  the  present  case,  no  discontinuities 
are  present  in  the  flow  field;  here,  the  CVS  regulates  the  amount  of  dissipation  based  on  the 
detection  of  local  extrema  in  the  velocity  profiles.  Since  the  CVS  is  applied  to  the  momentum 
equations,  it  is  the  gradients  of  u-  and  v-velocity  components  that  are  used  to  monitor  the 
nonlinear  dissipation  injected  into  the  respective  momentum  fluxes.  The  relative 
significance  of  the  net  numerical  dissipation  and  the  physical  diffusion  can  be  estimated  by 
defining  the  following  ratio: 


Q   -  G"  = 


gAy- 


^^i+^n' 


^i+l/2 


(5.55) 
=  Normalized  viscosity 


Fig.  5.8  shows  the  contours  of  the  net  (Q*-G*)  flux  on  the  21x21  grid  for  both  the  velocity 
components  along  both  the  directions.  The  values  of  (Q*-G*)  flux  are  positive  throughout 
the  whole  domain  demonstrating  that  (Q*-G*)  indeed  represents  the  net  dissipation,  as 
discussed  earlier.  The  larger  values  of  (Q*-G*)  exist  in  the  regions  of  higher  gradients.  For 
example,  the  u-velocity  profiles  shown  in  Fig.  5.7  exhibit  large  gradients  for  the  region 
confined  between  y=0.75  (j=15)  and  y=1.0  (j=21),  approximately.  Also,  sharp  gradients 
exist  along  the  edges  of  the  primary  eddy,  as  seen  from  the  streamfunction  contours  in  Fig. 
5.6.  It  is  in  these  regions  that  the  larger  values  of  (Q*-G*)  can  be  observed  in  Fig.  5.8. 

As  the  grid  is  refined,  the  magnitude  of  (Q*-G*)  will  diminish  since  the  local  cell 
Peclet  numbers,  based  on  the  velocity  differences  across  the  computational  cells,  decrease 
with  grid  refinement.  This  means  that  the  effective  dissipation  injected  by  the  CVS  should 
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Fig.  5.7.  Velocity  profiles  at  selected  locations  for  cavity  flow  using  the  CVS;  Re=1000. 
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(a)  u-control  volumes  along  x-direction 
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(b)  u-control  volumes  along  y-direction 
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(c)  v-control  volumes  along  x-direction 
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(d)  v-control  volumes  along  y-direction 


Fig.  5.8.  Normalized  viscosity  (Q*-G*)  contours  on  21x21  grid  for  cavity  flow  using  the  CVS; 
Re=1000. 
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decrease  monotonically  as  the  grid  is  refined.  This  is  clearly  evident  from  Fig.  5.9  where  the 
(Q*-G*)  flux  distribution  is  plotted  on  four  grids  with  nodes  varying  from  21x21  to 
161x161.  It  is  observed  that  the  (Q*-G*)  flux  decreases  monotonically  in  magnitude  as  the 
grid  is  refined.  This  serves  as  an  illustration  of  the  mechanism  of  the  CVS.  From  the 
viewpoint  of  the  central  difference  scheme,  for  a  high  Reynolds  number  flow,  the  local  cell 
Peclet  numbers  will  monotonically  decrease  with  the  refinement  of  the  grid;  so  will  the 
wiggles  in  the  solution  and  the  amount  of  diffusion  selected  by  the  controlled  variation 
scheme  is  regulated  accordingly. 

It  is  illustrative  to  compare  the  cell  Peclet  number  distributions  for  the  central 
difference  scheme  and  the  CVS.  In  Chapter  II  (Section  2.4. 1 . 1),  we  have  chosen  to  use  a  cell 
Reynolds  number  based  on  the  local  gradient  of  velocity  as  an  indicator  of  the  relative 
magnitude  of  local  convection  and  diffusion.  However,  such  a  definition  will  not  serve  our 
purpose  of  comparing  the  central  difference  scheme  and  the  CVS  since  the  local  velocity 
gradients  obtained  using  both  these  schemes  are  very  close  to  each  other.  In  order  to 
understand  the  mechanism  of  the  CVS  whereby  it  introduces  a  net  numerical  dissipation  into 
the  central  difference  scheme,  the  definition  of  the  effective  cell  Peclet  number  as  given  by 
Eq.  (5.48)  is  more  illustrative.  The  distribution  of  effective  cell  Peclet  numbers  is  shown  in 
Fig.  5.10  along  both  x-  and  y-directions.  These  contours  are  consistent  with  the  general  flow 
features;  for  example,  the  maximum  cell  Peclet  number  value  (using  either  of  the  schemes) 
along  the  x-direction  occurs  in  regions  where  u-velocity  is  the  maximum.  Likewise,  the 
maximum  cell  Peclet  numbers  along  the  y-direction  occur  where  the  v-velocity  is  the 
maximum.  A  comparison  of  the  contours  obtained  using  the  central  difference  scheme  with 
those  obtained  using  the  CVS  shows  that  the  CVS  reduces  the  effective  cell  Peclet  number 
relative  to  the  central  difference  scheme  in  regions  where  sharp  gradients  exist,  notably  along 
the  edges  of  the  primary  eddy.  For  example,  along  the  x-direction,  we  observe  a  reduction 
in  the  magnitude  of  the  cell  Peclet  number  (Fig.  5. 10(a))  from -30  to  -15  near  the  top  center. 
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Fig.  5.9.  Normalized  viscosity  (Q*-G*)  along  x-direction  on  various  grids  using  the  CVS; 
Re=1000. 
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(i)  Central  difference  scheme  (ii)  Controlled  variation  scheme 

(a)  Along  x-direction 
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(i)  Central  difference  scheme 
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(ii)  Controlled  variation  scheme 


(b)  Along  y-direction 


Fig.  5.10.  Contours  of  effective  cell  Peclet  number,  defined  in  Eq.  (5.48)  and  representing  the 
ratio  of  local  convection  to  diffusion  (physical  plus  numerical)  for  cavity  flow  using 
the  central  difference  scheme  and  the  CVS;  Re=1000. 
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Similarly,  along  the  y-direction,  the  magnitude  is  reduced  from  -20  to  -15  along  the  left 
center  of  the  cavity  (Fig.  5.10(b)). 

5.7.2  Flow  Over  a  Backward-Facing  Step 

The  flow  over  a  backward-facing  step  has  been  used  in  literature  as  a  test  problem 
for  outflow  boundary  conditions  (Gartling  1990).  Moreover,  it  is  a  good  test  case  for 
assessing  numerical  schemes  for  recirculating  flows  by  virtue  of  the  presence  of  multiple 
recirculation  cells  in  the  flow.  The  case  studied  here  is  the  same  as  that  investigated  by 
Gartling  (1990),  namely,  a  flow  with  a  Reynolds  number  Re  of  800  based  on  the  step  height 
and  the  average  inlet  velocity.  A  parabolic  velocity  profile,  corresponding  to  a  fully 
developed  channel  flow,  is  specified  at  the  inlet.  The  computational  domain  is  terminated 
downstream  at  a  distance  equal  to  sixteen  times  the  step  height;  this  distance  happens  to  be 
in  the  middle  of  the  second  recirculation  zone  (the  first  one  being  immediately  downstream 
of  the  step).  This  serves  as  a  good  testing  case  for  the  numerical  algorithm  with  an  outflow 
boundary  condition  in  terms  of  its  interaction  with  a  recirculation  region  right  at  the  outflow 
boundary. 

Once  again,  we  perform  a  direct  comparison  between  the  CVS  and  the  central 
difference  scheme  by  plotting  streamfunction  contours  and  profiles  of  selected  variables  at 
a  selected  location.  Streamfunction  contours  obtained  with  the  CVS  and  the  central 
difference  scheme,  shown  in  Fig.  5.11,  are  very  similar  to  each  other.  Fig.  5.12  shows  the 
profiles  of  u-velocity  and  vorticity  at  a  location  fourteen  step  heights  downstream  of  the 
inlet,  i.e.,  x=7.  For  comparison  among  various  schemes,  profiles  obtained  with  the 
second-order  upwind  scheme  (formulated  in  Chapter  II,  Section  2.2.3)  and  the  FEM  solution 
of  Gartling  (1990)  are  also  plotted  alongside  those  obtained  with  the  CVS  and  the  central 
difference  scheme.  Compared  to  the  central  difference  scheme,  while  the  CVS  appears  to  be 
slightly  more  dissipative  in  regions  of  local  extrema,  it  yields  a  sharper  vorticity  profile  in 
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(a)  Central  difference  scheme 
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(b)  Controlled  variation  scheme 

Fig.  5.11.  Streamfunction  contours  for  backward-step  flow  using  the  central  difference 
scheme  and  the  CVS;  Re=800. 


the  wall  region.  Overall,  for  this  problem,  the  CVS  is  quite  comparable  to  the  central 
difference  scheme  as  far  as  general  solution  features  and  accuracy  are  concerned. 

Similar  to  the  case  of  the  driven  cavity  flow,  it  is  illustrative  to  compare  the  cell  Peclet 
number  distributions  for  the  central  difference  scheme  and  the  CVS,  shown  in  Fig.  5.13.  Cell 
Peclet  number  contours  are  plotted  along  both  x-  and  y-directions.  These  contours  are 
consistent  with  the  general  flow  features;  for  example,  the  maximum  cell  Peclet  number 
value  (using  either  of  the  schemes)  along  the  x-direction  occurs  in  the  region  next  to  the 
maximum  inlet  velocity.  Likewise,  the  maximum  cell  Peclet  numbers  along  the  y-direction 
occur  where  the  v-velocity  is  the  maximum,  namely,  where  the  streamfunction  contours 
(Fig.  5.11)  bend  down  due  to  the  presence  of  the  second  recirculation  zone  near  the  outflow 
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Fig.  5.12.  u-velocity  and  vorticity  profiles  at  x=7.0  for  backward-step  flow  using  various 
schemes;  Re=800. 
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(i)  Central  difference  scheme 
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(ii)  Controlled  variation  scheme 

(a)  Along  x-direction 
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(ii)  Controlled  variation  scheme 

(b)  Along  y-direction 

Fig.  5.13.  Contours  of  effective  cell  Peclet  number,  defined  in  Eq.  (5.48),  for  backward-step 
flow  using  the  central  difference  scheme  and  the  CVS;  Re=800. 
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(a)  Along  x-direction 
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(b)  Along  y-direction 

Fig.  5.14.  Normalized  viscosity  (Q*-G*)  contours  along  x-  and  y-directions  using 
the  CVS  for  backward-step  flow;  Re=800. 


boundary.  The  smallest  values  of  cell  Peclet  numbers  occur  in  the  two  recirculation  cells 
where  both  the  components  of  velocity  are  the  smallest.  Similar  to  the  case  of  driven  cavity 
flow,  the  CVS  introduces  dissipation  in  regions  where  the  flow  gradients  are  high,  thus 
reducing  the  effective  cell  Peclet  numbers  in  these  regions. 

The  contours  of  (Q*-G*),  defined  in  Eq.  (5.54),  for  the  flow  over  the 
backward-facing  step  are  shown  in  Fig.  5.14.  It  can  be  seen  that  the  maximum  amount  of 
numerical  dissipation  is  applied  by  the  CVS  in  regions  where  the  solution  gradients  are  high. 
Along  both  x-  and  y-directions,  the  largest  magnitude  of  numerical  dissipation  is  introduced 
along  the  shear  layer  that  separates  the  two  recirculation  cells,  as  seen  in  Fig.  5.14. 
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5.8  Concluding  Remarks 

In  the  present  chapter,  it  has  been  shown  that  the  modern  TVD  schemes,  which  were 
originally  designed  for  suppressing  spurious  oscillations  near  discontinuities  in  solutions  of 
hyperbolic  systems  of  equations  solved  in  a  simultaneous  manner,  can  indeed  be  extended 
in  the  form  of  a  controlled  variation  scheme  (CVS)  within  the  framework  of 
multidimensional  pressure-based  sequential  solvers  to  compute  incompressible,  high  cell 
Peclet  number  flows  involving  recirculation.  Although  the  TVD  property  itself  will  no 
longer  hold,  the  CVS  can  be  used  as  an  effective  means  for  suppressing  wiggles  associated 
with  the  central  difference  scheme  for  high  cell  Peclet  number  flows.  The  controlled 
variation  scheme  employed  in  the  present  study  is  slightly  more  diffusive  than  the  central 
difference  scheme  due  to  its  very  basic  design  philosophy  which  is  based  on  an  introduction 
of  numerical  damping,  based  on  local  first-  and  second-derivatives,  in  the  central  difference 
scheme  in  regions  where  the  solution  has  steep  variations.  While  collectively  these  fluxes 
introduce  a  net  numerical  diffusion  into  the  solution,  their  effect  decreases  monotonically 
as  the  grid  is  refined.  Compared  to  the  central  difference  scheme,  the  use  of  the  present 
controlled  variation  scheme  leads  to  more  smearing  via  the  modification  of  cell  Peclet 
numbers  in  a  controlled  manner.  Based  on  this  notion,  the  use  of  the  controlled  variation 
scheme  is  very  effective  in  situations  where  the  central  difference  scheme  fails.  An  efficient 
implementation  of  the  CVS  for  practical  steady  state  computations,  based  on  a  linearized 
form  of  Harten's  TVD  scheme,  has  been  identified  in  the  present  study.  Overall,  the  idea  of 
a  controlled  variation  scheme,  within  the  framework  of  an  iterative  pressure-based 
sequential  solver,  holds  promise  for  complex  flows  with  strong  convective  effects. 

In  the  present  chapter,  the  deficiencies  of  the  central  difference  scheme  are  mainly 
observed  in  one-dimensional  model  problems;  for  multi-dimensional,  laminar, 
recirculating  flows,  it  has  worked  well.  Thus,  the  true  usefulness  of  the  CVS,  which  is 
developed  as  a  substitute  for  the  central  difference  scheme,  is  not  so  apparent  for  laminar 
flows.  Rather,  it  is  for  problems  such  as  turbulent  flows  that  are  usually  solved  with 
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additional  closure  equations  (such  as  the  k-e  equations)  that  the  CVS  is  truly  useful.  For  such 
flows,  the  equations  contain  strong  source  terms  besides  possessing  high  convection 
strength,  and  the  central  difference  scheme  frequently  breaks  down  because  it  offers  poor 
accuracy,  lacks  the  necessary  numerical  stability,  and  produces  solutions  that  violate 
physical  realizability.  Attempts  have  been  made  to  assess  the  performance  of  the  CVS  for 
turbulent  flow  problems,  as  will  be  discussed  next. 


CHAPTER  VI 
TURBULENT  FLOW  COMPUTATIONS 


6.1  Background 

The  two-dimensional  test  cases  investigated  thus  far  have  been  limited  to  laminar 
flows  in  order  to  unequivocally  assess  the  various  convection  schemes  without  the 
uncertainties  introduced  by  additional  physical  and  numerical  complexities  due  to 
turbulence.  Having  addressed  some  key  issues  concerning  convection  schemes,  especially 
the  controlled  variation  scheme  (CVS)  developed  in  Chapter  V,  we  now  attempt  to  compute 
turbulent  flows.  The  CVS,  which  employs  nonlinear  dissipation  to  augment  the  central 
difference  flux,  is  expected  to  be  more  effective  than  the  central  difference  scheme  for 
turbulent  flows.  This  is  so  because  the  strong  convective  effects  inherent  to  turbulent  flows 
(since  turbulence  occurs  generally  at  high  Reynolds  numbers)  can  cause  the  central 
difference  scheme  to  yield  physically  unrealizable  solutions  (most  often  in  the  form  of 
wiggles).  This  is  further  compounded  by  unrealistic  (e.g.,  negative)  values  of  quantities  such 
as  the  turbulent  kinetic  energy  and  the  rate  of  dissipation  of  turbulent  kinetic  energy,  which 
are  used  in  closure  models  for  turbulent  flow  computations.  Additionally,  the  numerical 
stability  of  the  overall  algorithm  is  likely  to  be  adversely  affected.  All  these  reasons  make  the 
CVS  a  more  reasonable  candidate  by  virtue  of  the  physically  reasonable  solutions  that  it  is 
expected  to  provide  due  to  the  nonlinear  dissipation  inherent  to  it.  While  attempting  to  solve 
some  turbulent  flows  in  this  chapter,  it  must  be  emphasized  that  the  focus  is  on  the 
investigation  of  the  utility  of  the  CVS  over  the  more  conventional  schemes  (such  as  the 
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central  difference  and  the  first-order  upwind  schemes)  while  computing  turbulent  flows.  No 
attempt  is  made  here  to  assess  the  various  closure  models  that  have  been  developed  to  date. 

The  phenomenon  of  turbulence  is  still  one  of  the  most  elusive  areas  in  the  physical 
sciences.  Though  the  Navier-Stokes  equations  are  generally  considered  to  describe 
turbulent  flows  completely  in  the  continuum  regime,  numerical  simulations  of  general 
turbulent  flows  at  high  Reynolds  numbers  using  the  Navier-Stokes  equations  are  not 
possible  yet.  This  is  because  the  time  and  length  scales  associated  with  turbulent  flows  are  so 
small  that  in  order  to  resolve  them,  a  prohibitively  large  number  of  grid  points  and  hence  an 
enormous  amount  of  computer  storage  (not  yet  available)  is  required.  Hence,  for  practical 
computations,  the  flows  are  computed  using  the  Navier-Stokes  equations  in  an  averaged 
form  (e.g.,  Reynolds  averaging)  rather  than  the  instantaneous  form  (Hinze  1959).  The 
averaging  process  gives  rise  to  new  unknown  terms  representing  the  transport  of  mean 
momentum  and  heat  flux  by  fluctuating  quantities.  These  undetermined  terms  are  called  the 
Reynolds  stresses  or  heat  fluxes  and  they  lead  to  the  well  known  closure  problem  for 
turbulent  flow  computations.  In  order  to  determine  these  terms,  turbulence  models  are 
required;  they  consist  of  a  set  of  algebraic  or  differential  equations. 

Several  one-point  turbulence  models  have  been  developed  over  the  past  years;  they 
can  be  broadly  classified  into  two  categories,  namely, 

(a)  eddy  viscosity  models  which  are  based  on  the  assumption  that  the  Reynolds 
stresses  are  a  local  property  of  the  mean  flow  and  are  related  to  the  mean  flow 
gradients  via  a  turbulent  viscosity  (e.g.,  Launder  &  Spalding  1974),  and 

(b)  Reynolds  stress  models  which  assume  that  the  Reynolds  stresses  are  dependent 
variable  quantities  and  can  be  solved  directly  from  their  own  transport  equations 
(which  are  derived  from  the  Navier-Stokes  equations),  along  with  some  modelling 
equations  (e.g..  Launder  et  al.  1973). 

The  derivation  of  these  models  has  been  largely  based  on  intuition,  empirical  correlation,  and 
to  some  extent,  constraints  set  forth  by  physical  reaUzability  (Lumley  1978).  More  recently. 
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turbulence  models  have  been  developed  with  more  rigor  and  mathematical  formalism  based 
on  the  Renormalization  Group  (RNG)  theory  (Yakhot  &  Orszag  1986,  Speziale  &  Thangam 
1992). 

Among  the  eddy  viscosity  models,  a  further  classification  can  be  made  based  on  the 
number  of  differential  equations  utilized.  Thus,  zero-,  one-half-,  one-  and  two-equation 
eddy  viscosity  models  have  been  developed.  Of  these  eddy  viscosity  models,  the 
two-equation  k-8  model  (Jones  &  Launder  1972,  Launder  &  Spalding  1974)  has  been  the 
most  successful  and  is  used  the  most,  especially  for  engineering  applications.  It  is  this  model 
that  has  been  chosen  for  use  in  the  present  study.  It  must  be  reiterated  that  the  focus  is  on  the 
investigation  of  the  effectiveness  of  convection  schemes  previously  developed,  especially 
the  CVS,  for  computation  of  turbulent  recirculating  flows  and  not  on  the  development  or  a 
comparative  assessment  of  turbulence  models. 

The  k-e  model  uses  transport  equations  to  solve  for  two  turbulent  quantities,  namely, 
the  turbulent  kinetic  energy  (k)  and  the  rate  of  its  dissipation  (e).  The  transport  equations  for 
these  quantities  have  strong  source  terms  representing  the  production  and  destruction  of 
these  quantities.  Due  to  the  presence  of  these  source  terms  as  well  as  the  high  convective 
effects  inherent  to  turbulent  flows,  the  use  of  central  differencing  may  not  be  satisfactory,  as 
discussed  earlier.  In  the  present  chapter,  we  investigate  the  performance  of  the  CVS  along 
with  the  first-order  upwind,  hybrid  and  second-order  upwind  schemes,  using  a  high 
Reynolds  number  flow  over  a  backward-facing  step  as  a  test  case.  First,  we  describe  the 
relevant  equations  for  the  mean  flow  and  the  k-e  model. 

6.2  Basic  Equations 

6.2.1  Equations  of  Mean  Flow 

Replacing  the  various  dependent  variables  with  their  mean  and  fluctuating 
components  (e.g.,  uinstantaneous  =  u  +  u)  in  the  Navier-Stokes  equations  and  time  averaging 
the  equations  yields  the  so-called  Reynolds  averaged  equations: 
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Continuity:  —  +  —iguA  =  0  (6.1a) 

Momentum:  ^(pwj  +  ^(^w,";)  =   "  ^f;  +  ^(^y  "  P«/"/)  (6- lb) 

Note  that  the  conventional  indicial  notation  has  been  employed  in  the  above  equations.  The 
equations  do  not  form  a  closed  set  in  the  sense  that  they  contain  the  unknown  second-order 


moments  «,'«/,  which  are  the  well  known  Reynolds  stress  terms  arising  from  the  nonlinearity 
of  the  convection  terms. 

As  mentioned  earlier,  we  have  chosen  the  k-e  model,  which  is  an  eddy  viscosity 
model,  for  the  present  study.  Eddy  viscosity  models  are  based  on  the  assumption  that  the 
Reynolds  stresses  are  a  local  property  of  the  mean  flow  and  are  related  to  the  mean  flow 
gradients  via  a  turbulent  viscosity  as  shown  below 

[du:      3m  •\ 

-e«/"/=/',(jj:  +  4J  (6.2) 

where  jUf  is  some  turbulent  viscosity  which  still  needs  to  be  modeled. 

The  turbulent  viscosity  jUf  is  the  vehicle  through  which  the  time  and  length  scale 
effects  of  turbulent  flows  are  introduced  into  the  equations  of  mean  flow.  Thus,  modeling  jUt 
requires  specification  of  local  length  and  time  scales  (or  equivalently  local  velocity  and 
length  scales).  The  k-£  model  provides  the  velocity  scale  via  the  modeled  turbulent  kinetic 
energy  (k)  and  the  length  scale  via  a  combination  of  k  and  the  rate  of  viscous  dissipation  of 
turbulent  kinetic  energy  (e).  Dimensional  analysis  yields  the  turbulent  viscosity  as 

CuQ  k^ 
Mt  =  -^ (6.3) 

where  C^  is  a  proportionality  constant  to  be  defined  later. 

With  the  above  assumptions,  the  momentum  equations  can  now  be  written  as 

iM  -  ite"^)  -  itev,)  =  ±{,Jl)  .  ^(../|)  -  (I  ..  I)        (6.4) 
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where  <p=u  or  v,  with  /u^ff  =  ju  +  fif  Here  fi  represents  the  laminar  viscosity  and  fJLt  the 
turbulent  viscosity. 


6.2.2  k-e  Equations 


The  transport  equations  for  k  and  e,  which  are  derived  from  the  Navier-Stokes 
equations,  have  the  same  basic  form,  after  the  modelling  assumptions  are  incorporated.  They 
can  be  expressed  in  the  following  form: 


where 


with 


and 


r  =  < 


[A.   + 


for  the  k—eqn. 


jU  +  -=^      for  the  e  —  eqn. 

Up 


R,  =< 


fit  R 

c^  jUt  ^  R 


for  the  k—eqn. 
for  the  E  —  eqn. 


i?  =  2 


dx)         \dy, 


+ 


du    .    dv 

dy       dx 


7?2  =  < 


-Q  e 


-C2Q 


'C^Q^k 


E^  _ 


-     -{C2Q 


for  the  k—eqn. 
for  the  £  —  eqn. 


(6.6a) 
(6.6b) 

(6.7a) 
(6.7b) 


(6.8) 


(6.9a) 
(6.9b) 


In  the  k-e  equations,  R  represents  the  generation  of  ^  from  the  mean  flow  by  turbulent 
shear  stress  and  £  represents  the  rate  of  viscous  dissipation  of  k  to  heat  by  the  smallest 
turbulent  eddies,  o^  and  oe  are  the  Prandtl  numbers;  their  values  are  given  later.  The  above 
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equations  are  integrated  over  the  control  volume  and  then  discretized  in  a  manner  similar  to  j 

the  momentum  equations,  described  in  Chapter  II.  ! 

i 
I 

6.2.3  Boundary  Conditions  and  Wall  Treatment  j 

The  treatment  of  inflow  and  outflow  boundaries  of  the  computational  domain  is  done  j 

in  the  usual  manner.  All  the  variables  at  the  inlet  are  specified  or  estimated.  For  example,  the 
inflow  velocities  are  specified  and  k  is  estimated  as  a  fraction  of  the  square  of  the  inlet 
velocity  whereas  £  is  estimated  from  k  and  a  suitable  length  scale  representing  the  size  of 
turbulent  eddies  (usually  specified  as  a  fraction  of  the  inlet  dimension).  The  variables  at  the 
outflow  boundaries  are  estimated  by  a  zero  gradient  condition  which  is  based  on  the 
assumption  that  the  flow  is  convection-dominated. 

Near  wall  boundaries,  the  local  Reynolds  numbers  are  low  and  viscous  effects  are 
important;  thus  the  k-e  model  cannot  be  utilized  since  it  is  vahd  only  for  high  Reynolds 
numbers.  Moreover,  steep  variations  in  properties  close  to  the  wall  need  a  large  number  of 
grid  points  for  proper  resolution.  To  handle  this,  two  approaches  are  commonly  employed 
which  involve  low  Reynolds  number  versions  of  the  k-e  model  (Jones  &  Launder  1972, 
1973,  Patel   et  al.  1985)  and  the  use  of  wall  functions  (Launder  &  Spalding  1972).  The  , 

former  requires  a  relatively  fine  grid  resolution  in  the  wall  region.  The  latter  is  easier  to 
implement,  but  lacks  a  fundamental  justification  of  the  formulas  adopted.  In  practise,  i 

however,  the  wall  function  approach  has  often  produced  results  of  accuracy  comparable  to 
the  low  Reynolds  number  approach  (Viegas  et  al.  1985),  especially  for  recirculating  flows. 
In  the  present  study,  the  wall  function  approach  has  been  employed  and  is  described  next. 

Close  to  the  walls,  a  one-dimensional  Couette  flow  analysis  is  generally  made.  The 
wall  layer  is  assumed  to  have  a  constant  shear  stress  across  it.  The  momentum  equation 
reduces  to  a  simple  non-dimensional  form  given  by 

r  =  (//+/i,)|^  (6.10a)  ' 

where  u^  up  is  the  velocity  (parallel  to  the  wall)  at  the  point  P  (shown  in  Fig.  6.1),  which  is  at 
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a  distance  }'  =  yp  from  the  wall.  The  above  equation  can  be  rewritten,  using  the  wall  shear 
stress  and  friction  velocity,  as 

where  r^  is  the  shear  stress  at  the  wall.  The  local  Reynolds  number  (or  the  non-dimensional 
distance  of  point  P  from  the  wall),  _y+,  is  defined  as 


y 


and  the  non-dimensional  velocity  «+  is  given  by 
where  u^  is  the  friction  velocity  at  the  wall  given  by 


Q 


(6.11a) 


(6.11b) 


(6.12) 


For  a  turbulent  boundary  layer  over  a  solid  flat  plate,  experimental  evidence  indicates 
that  the  wall  region  is  composed  of  three  zones  (Hinze  1959),  namely: 
(a)  the  viscous  sublayer  (0  <  ^^^  <  5)  which  is  dominated  by  viscous  effects. 
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(b)  the  inertial  sublayer  (30  <  j"*"  <  400)  where  flow  is  fully  turbulent  but  r  =  r^y,  and 

(c)  the  transition  or  buffer  zone  (5  <  y"*"  <  30)  where  neither  the  viscous  effects  nor  turbulent 
effects  dominate. 

A  convenient  engineering  practise,  as  in  the  present  study,  is  to  discard  the  buffer 
zone  by  defining  >'"'"=  11 .63  as  the  point  above  which  the  flow  is  assumed  fully  turbulent  and 
below  which  is  dominated  by  viscous  effects.  At  this  location  the  linear  velocity  profile  of  the 
viscous  sublayer  meets  the  logarithmic  velocity  profile  in  the  inertial  sublayer. 

Viscous  sublayer  (y^  <  1 1 .63) 

In  the  viscous  sublayer  ,  jUt//^  "^  1.  ^nd  the  assumption  t  =  Ty^,  leads  to 

u+=y+       ^      T  =  T^=^  (6.13) 

Inertial  sublayer  (y"*"  >  1 1 .63) 

In  the  inertial  sublayer  ,  jUt//^  ^  1  ^^d  again  the  assumption  r  =  Tw  along  with 

fXt  =  Qxy  Ut;  (6.14) 

leads,  after  integrating  Eq.  (6.10b),  to 

u+  =^log,  y+  ^^log,(£3;  +  )  (6.15) 

In  the  above,  x  is  the  von  Karman  constant.  The  transport  equation  for  the  turbulent  kinetic 
energy  (k),  which  is  defined  by  Eqs.  (6.5-6.9),  reduces,  after  performing  a  one-dimensional 
analysis,  assuming  a  constant  shear  stress  in  the  inertial  sublayer,  to  the  following: 

-TCV^^e  (6.16) 

ay 

Using  the  definition  of  Reynolds  stress  given  by  Eq.  (6.2)  and  that  of  £  from  Eq.  (6.3), 

and  the  definition  of  r  from  Eq.  (6.10a)  with  pit/f^  >  1  ,  we  get  the  following: 

X  =  Xj  =  QkC^^  (6.17) 

Using  Eq.  (6.11b),  Eq.  (6.12)  and  the  fact  that    t/  =  T^  ,  we  get 
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"■^^^^       ^      x^  =  ^Qc'l'y}l^  (6.18) 

Then  using  the  definitions  (6.17)  and  (6.15),  we  finally  get  for  the  shear  stress  at  the  wall: 

rw  =      /     ,^  +,  (6.19) 

loge  (£■>;+) 

where  j"*"  is  evaluated  from 


Also,  from  Eq.  (6. 17)  and  (6.14)  and  the  definition  of  e  from  Eq.  (6.3),  we  obtain  the 
following  form  for  £  in  the  inertial  sublayer: 

^3/4  ^3/2 

Implementation  of  the  momentum  equations  near  wall  boundaries 

The  discretized  equation  for  the  momentum  equations  for  u-  and  v-control  volumes 
has  already  been  presented  in  Chapter  II,  in  the  form  of  Eq.  (2.6).  Near  a  wall  boundary,  such 
as  the  one  shown  in  Fig.  6.1,  the  usual  shear  stress  expression  given  in  Eq.  (6.4),  i.e., 

T  -  u      ^ 

^  ~  ^^ff  dy 

is  replaced  by  t  =  r^y  where  x^  is  given  by  Eq.  (6.13)  or  (6.19)  depending  on  whether  the 
point  P  lies  in  the  viscous  sublayer  (y+  <  11.63)  or  the  inertial  sublayer  (_y+  >  11.63).  The 
usual  shear  force  expression  in  the  discretized  equations  is  suppressed  by  setting  As=0  in 
Eq.  (2.6)  and  r^^,  is  incorporated  through  source  terms,  either  as  a  part  of  the  explicit  source 
term  b  or  implicitly  as  a  part  of  the  coefficient  Ap. 

The  above  treatment  is  imparted  only  to  the  velocity  component  parallel  to  a  wall 
boundary;  thus,  the  v-velocity  component  near  a  left  or  a  right  wall  boundary  is  also  treated 
in  the  above  manner.  The  velocity  component  perpendicular  to  a  wall  boundary  is  treated  in 
the  usual  manner  as  detailed  in  Chapter  II. 
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Implementation  of  the  k~8  equations  near  wall  boundaries 

The  turbulent  kinetic  energy  at  the  point  P  near  a  wall,  kp,  is  obtained  from  the  usual 
/:-balance,  but  the  flux  expression  at  the  wall  boundary  is  suppressed  by  setting  As=0  (for  the 
bottom  boundary  shown  in  Fig.  6.2).  The  evaluation  of  the  source  term  for  the  /^-equation  is 
modified  by  noting  that  the  second  term  in  R  given  by  Eq.  (6.8)  can  be  simplified  near  the 
wall  as 

/  s  2 


f^t 


du   ,    dy_ 

dy      dx. 


=  r. 


yp 


(6.22) 


where  M5=(9  at  the  wall  boundary,  Ts'  is  the  average  ofneighboring  values  of  tvi/  and  up  is  the 
average  of  neighboring  value  of  m.  Moreover,  the  dissipation  term  in  the  k-equation  near  the 
wall  is  extended  to  the  viscous  sublayer  by  modifying  it  as 


£  = 


yp 


(6.23) 


where  m+  is  defined  by  either  Eq.  (6. 13)  for  the  viscous  sublayer  or  Eq.  (6. 15)  for  the  inertial 
sublayer.  Also,  for  lack  of  better  knowledge,  the  diffusion  of  k  to  the  wall  is  set  to  zero. 

The  value  of  £  reaches  its  maximum  value  at  the  walls  which  is  an  unknown,  unlike 
the  value  of  ^  which  falls  to  zero  at  the  wall.  The  £-equation  itself  reduces  to  a  simple  form 
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but  in  the  computation,  the  value  of  £  near  the  wall  boundaries  is  estimated  from  the 
equilibrium  expression  given  by  Eq.  (6.21),  and  not  from  the  usual  £-balance  since  we  are  at 
a  loss  to  modify  the  coefficient  As  out  of  shear  ignorance. 

Values  of  the  constants  used  in  the  k—e  model 

According  to  the  recommendations  of  Launder  and  Spalding  (1974),  the  various 
constants  used  in  the  A;— £-model  assume  the  following  values: 
Cf,  =  0.09  Cj  =  1.44  C2  =  1.92  c^^  =  1-0  a^  =  1.3         (6.23) 

The  von  Karman  constant  x  has  the  value  0.4187.  The  quantity  £■  is  a  function  of  wall 
roughness,  streamwise  pressure  gradient,  etc.  For  a  smooth  impermeable  wall  with 
negligible  streamwise  pressure  gradient,  it  is  assigned  the  value  9.793. 

6.3  Computation  of  Turbulent  Flow  Over  a  Backward-Facing  Step 

In  this  section,  we  present  results  of  the  computation  of  a  turbulent  flow  over  a 
backward-facing  step,  which  is  quite  often  used  a  test  case  for  assessing  various  schemes  and 
turbulent  models  for  turbulent  recirculating  flows.  The  length  of  the  rectangular 
computational  domain  studied  here  is  8  units  and  the  height  1  unit.  The  ratio  of  the  step  height 
to  the  outflow  height  is  1:3.33.  A  uniform  inlet  velocity  profile  is  prescribed  and  the  inlet 
Reynolds  number  is  1.32x10^  based  on  the  inlet  velocity  and  the  outflow  height.  The  inlet 

values  of  turbulent  kinetic  energy  (k)  are  prescribed  as  0.03^?^^^^  and  the  rate  of  viscous 
dissipation  (£)  is  estimated  from  the  inlet  value  of  A;  and  a  length  scale,  which  is  taken  to  be 
three-hundreths  of  the  inlet  height.  Speziale  and  Thangam  (1992)  have  used  a  similar 
geometry  and  Reynolds  number  for  computing  turbulent  flow  over  a  backward-facing  step; 
however,  they  prescribe  the  inlet  velocity  profile  based  on  an  experimental  study  by  Eaton 
and  Johnston  (1980). 

For  the  k-E  equations,  the  conventional  hybrid  scheme  is  used.  The  hybrid  scheme  is 
equivalent  to  the  central  difference  scheme  when  the  magnitude  of  the  local  cell  Peclet 
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number  is  less  than  or  equal  to  2.  For  other  values  of  the  local  cell  Peclet  number,  it  is 
equivalent  to  the  first-order  upwind  scheme  with  the  physical  diffusion  set  to  zero.  Thus  it 
aims  to  avoid  the  wiggles  associated  with  the  central  difference  scheme  for  convection 
dominated  flows  while  reducing  the  excessive  diffusion  associated  with  the  first-order 
upwind  scheme.  It  is  important  to  note  that  the  central  difference  scheme  is  not  a  viable 
scheme  for  the  k-s  equations  because  of  the  strong  convective  effects  associated  with 
turbulent  flows  as  well  as  the  presence  of  strong  source  terms  (generation  and  dissipation  of 
k,  for  example)  in  these  equations,  which  can  cause  this  scheme  to  yield  physically 
unrealizable  results  and/or  numerical  instability. 

Four  different  convection  schemes  are  employed  for  the  momentum  equations, 
namely,  first-order  upwind  scheme,  hybrid  scheme,  second-order  upwind  scheme  and 
controlled  variation  scheme  (CVS).  Three  different  grids  are  used,  namely,  those  consisting 
of  41x21,  81x41  and  121x61  nodes,  respectively.  The  central  difference  scheme  is  found  to 
be  unstable  on  all  three  grids,  as  expected.  The  streamfunction  plots  obtained  with  the 
various  schemes  on  the  81x41  grid  are  shown  in  Fig.  6.3.  It  can  be  observed  that  a  region  of 
recirculating  flow  exists  immediately  downstream  of  the  backward-facing  step,  the  size  of 
which  is  substantially  smaller  than  the  one  obtained  for  laminar  flow  in  Chapter  V.  Moreover, 
there  is  no  other  recirculation  cell  near  the  top  boundary,  as  in  the  laminar  flow  case.  All  four 
convection  schemes  yield  very  similar  flow  patterns  with  a  slight  variation  in  the  computed 
reattachment  length,  xr,  of  the  recirculating  flow  region.  The  CVS  and  the  hybrid  scheme 
yield  very  similar  values  of  xr/H  (namely,  4.92  and  4.94,  respectively)  where  H  is  the  step 
height.  The  second-order  upwind  yields  xr/H=4.83  and  the  first-order  upwind  yields 
xr/H=4.63. 

Plots  of  instantaneous  u-velocity  profiles  at  three  different  streamwise  locations  for 
the  three  successively  refined  grids  are  shown  in  Figs.  6.4, 6.5  and  6.6,  respectively.  The  first 
two  locations  are  within  the  recirculation  cell,  the  first  (x/H=  1.33)  being  close  to  the  inlet  and 
the  second  (x/H=3.33)  close  to  the  reattachment  point.  The  third  streamwise  location  is  near 
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Fig.  6.3.  Streamfunction  contours  of  turbulent  flow  over  a  backward-facing  step  on  the  81x41 
grid  using  various  convection  schemes  for  the  momentum  equations. 
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Fig.  6.4.  Instantaneous  u-velocity  profiles  for  turbulent  flow  over  a  backward-facing  step 
at  various  streamwise  locations  using  four  convection  schemes  on  the  41x21  grid. 
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Fig.  6.4.  Continued 
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the  outlet.  It  is  observed  that  all  four  convection  schemes  yield  qualitatively  similar  solution 
profiles,  especially  on  the  finer  grids.  The  first-order  upwind  scheme  yields  comparatively 
more  smeared  profiles,  as  especially  evident  from  the  profiles  obtained  on  the  41x21  grid, 
shown  in  Fig.  6.4.  The  hybrid  scheme,  though  quite  satisfactory  for  the  present  flow 
computation,  exhibits  slight  overshoots  near  sharp  gradients  in  the  profiles  for  the  41x21  and 
the  8 1x4 1  grid,  as  seen  in  Figs.  6.4  and  6.5.  In  these  regards,  the  second-order  upwind  and  the 
CVS  are  the  most  satisfactory,  and  yield  nearly  identical  profiles  at  all  three  streamwise 
locations  on  the  finer  grids,  namely  the  81x41  and  121x61  grids;  on  the  coarsest  grid,  they 
exhibit  slightly  different  solution  profiles.  As  the  grid  is  refined  to  121x61  nodes  (Fig.  6.6), 
the  hybrid,  second-order  upwind  and  controlled  variation  schemes  all  yield  almost  identical 
results;  the  first-order  scheme,  however,  still  exhibits  slight  smearing  of  the  profiles.  It 
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Fig.  6.5.  Instantaneous  u-velocity  profiles  for  turbulent  flow  over  a  backward-facing  step 
at  various  streamwise  locations  using  four  convection  schemes  on  the  81x41  grid. 
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Fig.  6.5.  continued. 
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should  be  pointed  out  again  that  the  central  difference  scheme  is  unstable  for  these  turbulent 
flow  computations. 

Similar  to  the  case  of  laminar  flow  over  a  backward-facing  step  presented  in  Chapter 
V,  it  is  illustrative  to  plot  contours  of  normalized  viscosity  employed  by  the  CVS  for  the 
computation  of  turbulent  flow  over  the  step.  It  can  be  observed  from  Fig.  6.7  that  large 
amounts  of  numerical  dissipation  are  employed  by  the  CVS  in  regions  of  large  gradients, 
especially  the  region  near  the  inlet  and  the  recirculation  region.  Also,  the  magnitude  of 
normalized  viscosity  reduces  monotonically  as  the  grid  is  successively  refined.  On  the  finest 
grid  (121x61  nodes),  the  CVS  employs  virtually  no  numerical  dissipation  in  the  majority  of 
the  flowfield;  only  the  region  near  the  inlet  and  the  wall  regions  which  have  high  shear 
stresses  require  high  values  of  numerical  dissipation. 
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Fig.  6.6.  Instantaneous  u-velocity  profiles  for  turbulent  flow  over  a  backward-facing  step 

at  various  streamwise  locations  using  four  convection  schemes  on  the  121x61  grid. 
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Fig.  6.6.  continued. 


It  is  evident  from  the  above  results  that  the  CVS  is  an  accurate  and  stable  scheme  for 
computing  turbulent  flows.  The  central  difference  scheme  is  unstable  for  these  flows,  and  the 
extra  nonlinear  dissipation  that  is  inherent  to  the  CVS  is  responsible  for  the  stability  of  the 
computation  as  well  as  the  physical  realizability  of  the  solution. 


6.4  Concluding  Remarks 

It  has  been  shown  in  this  chapter  that  the  controlled  variation  scheme  (CVS) 
developed  in  Chapter  V,  is  indeed  an  effective  scheme  for  the  computation  of  turbulent 
recirculating  flows.  The  central  difference  scheme  breaks  down  for  these  kinds  of  flows  and 
thus  one  has  to  resort  to  different  convection  schemes.  The  first-order  upwind  has  quite  often 
been  used  to  resolve  this  problem  due  to  the  numerical  diffusion  inherent  to  it.  It  is 
demonstrated  that  the  CVS,  which  also  possesses  numerical  dissipation,  but  is  of  a 
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Fig.  6.7.     Normalized  viscosity  (Q*-G*)  contours  for  turbulent  flow  over  the  backward- 
facing  step  on  various  grids. 
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higher-order  accuracy  compared  to  the  first-order  upwind  scheme,  is  an  effective 
alternative.  The  second-order  upwind  scheme  is  also  shown  to  yield  satisfactory  results  for 
turbulent  flow  computations. 


CHAPTER  VII 
SUMMARY  AND  SUGGESTIONS  FOR  FUTURE  WORK 


Several  issues  related  to  the  treatment  of  convection  and  source  terms  in  the 
Navier-Stokes  equations  are  addressed.  The  control  volume  formulation  is  adopted  within 
the  framework  of  a  pressure-based  sequential  algorithm.  Two  approaches  for  effectively 
treating  convection  terms  are  investigated.  The  first  approach  entails  the  use  of  different 
shape  functions  to  estimate  the  convective  fluxes  at  the  control  volume  interfaces,  leading  to 
the  first-order  upwind,  central  difference,  second-order  upwind  and  QUICK  schemes.  It  is 
shown  that  conservative  and  consistent  formulations  of  these  schemes,  especially  the 
higher-order  upwind  schemes  (second-order  upwind  and  QUICK),  along  with  consistent 
boundary  treatments  are  essential  to  achieve  accuracy  in  the  solution.  It  is  further  shown  that 
a  unified  formulation  of  these  higher-order  upwind  schemes,  with  the  first-order  upwind 
scheme  as  the  basis  and  the  balance  of  the  flux  treated  as  part  of  the  source  term,  is  more 
robust  in  terms  of  stability  and  convergence  properties  of  the  overall  algorithm. 

The  second  approach  for  treating  convection  terms  adopts  the  viewpoint  of  an 
appropriate  amount  of  dissipation  injected  into  a  basic  higher-order  scheme.  To  this  end,  the 
formalism  of  the  sophisticated  TVD  schemes,  which  have  been  heretofore  used  as  shock 
capturing  schemes  in  simultaneous  solvers,  is  extended  to  sequential  solvers.  This  leads  to 
two  new  issues,  namely,  an  appropriate  definition  of  local  characteristic  speeds  on  which  the 
nonlinear  dissipation  employed  by  the  TVD  schemes  is  based,  and  the  handling  of  the 
pressure  gradient  terms  which  appear  as  source  terms  in  sequential  formulations.  It  is  shown 
that  the  local  characteristic  speeds  can  be  coordinated  by  assigning  them  the  values  of  the 
local  convection  speeds  and  the  pressure  gradient  terms  can  be  handled  by  an  appropriate 
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source  term  treatment  such  as  MacCormack's  predictor-corrector  method  or  Strang's 
operator-spUtting  method.  Moreover,  some  key  parameters  used  by  the  TVD  schemes 
implemented  in  simultaneous  solvers,  are  interpreted  differently  when  these  schemes  are 
extended  to  sequential  solvers.  Overall,  it  is  demonstrated  that  one  can  effectively  implement 
TVD  schemes  in  sequential  solvers  to  achieve  accuracy  comparable  to  simultaneous  solvers. 

Based  on  the  above,  a  controlled  variation  scheme  (CVS)  is  developed  and 
implemented  in  the  two-dimensional  pressure-based  algorithm  to  compute  laminar  and 
turbulent  recirculating  flows.  It  is  shown  that  the  CVS  operates  by  injecting  nonlinear 
dissipation  in  regions  of  sharp  gradients  in  the  flowfield,  thus  reducing  the  effective  local  cell 
Peclet  numbers.  It  is  demonstrated  to  be  an  effective  substitute  for  the  central  difference 
scheme,  more  so  for  turbulent  flows  for  which  the  central  difference  scheme  offers 
unacceptable  accuracy  and  stability. 

The  issue  of  source  terms  in  Navier-Stokes  equations  is  also  addressed.  Utilizing  a 
longitudinal  combustion  instability  problem,  which  possesses  a  strong  heat  release  source 
term,  it  is  demonstrated  that  source  terms  can  be  stiff  enough  to  cause  spurious  oscillations  in 
the  solution  profiles  as  well  as  numerical  instability.  Special  source  term  treatments  such  as 
MacCormack's  predictor-corrector  and  Strang's  operator-splitting  techniques  are  shown  to 
be  effective  alternatives  for  extra  dissipation  commonly  employed  to  resolve  these 
problems. 

As  mentioned  at  the  beginning  of  this  work,  pressure-based  algorithms  are  very 
attractive  due  to  their  capability  of  handling  a  wide  range  of  flows — from  subsonic  to 
hypersonic — as  well  as  a  varying  number  of  governing  equations,  without  the  need  to 
restructure  the  entire  algorithm.  The  present  work  has  further  strengthened  this  viewpoint  by 
illustrating  that  advanced  methodologies,  such  as  higher-order  upwind  and  modern  shock 
capturing  schemes  as  well  as  source  term  treatments,  can  indeed,  with  some  modifications, 
be  effectively  employed  in  these  pressure-based  solvers. 
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The  present  study  has  laid  the  foundation  for  further  work  involving  pressure-based 
solvers  for  computing  flows  with  more  complex  fluid  physics.  Future  work  should  involve 
an  extension  of  the  convection  schemes  developed  here  to  compressible  flows.  Also  the 
source  term  treatments  employed  in  the  present  work  need  to  be  extended  to 
multi-dimensional  incompressible  and  compressible  flows  involving  complex  physical 
processes  like  combustion  and  chemical  reactions. 
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